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Effect of Adsorption on the Surface Tensions of Solie-Fluid Interfaces
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A method is proposed for determining the surface tensions of a solid in contact with either a liquid or a
vapor. Only an equilibrium adsorption isotherm at the selidpor interface needs to be added to Gibbsian
thermodynamics to obtain the expressions for the salapor and the soligliquid surface tensionsz,[sl\]’ and

y[sl']‘ respectively. An equilibrium adsorption isotherm relation is formulated that has the essential property of
not predicting an infinite amount adsorbed when the pressure is equal to the saturation-vapor pressure. Five
different solid-vapor systems from the literature are examined, and found to be well described by the new
isotherm relation. The surface-tension expressions obtained from the isotherm relation are examined by
determining the surface tension of the solid in the absence of adsorpﬁ)pra material property of a solid
surface. The value qiﬁ] can be determined by adsorbing different vapors on the same solid, determining the
isotherm parameters in each case, and then from the expressimﬁ_\]’fmking the limit of the pressure
vanishing to determingz[sfl. From previously reported measurements of benzene anéhekane adsorbing

on graphitized carbon, the same valueyﬁf is obtained.

1. Introduction the formulation, and allows;) andyp;, relative to a reference

The surface tensions of a solid surface contacting a vapor, State; to be expressed in terms of an integratff However,
SV, or a liquid, yS., cannot be measured directly, but must be isotherms which indicate an infinite amount adsorbed when the

inferred. These surface tensions are related to the contact angleP’€Ssure is equal the saturation-vapor pressure cannot be applied

0, through the well-established Young equatiof: because the integral does not converge.
An adsorption isotherm relation, called tlgeisotherm, is
7/sv_ ySL: 7/Lv cosh @ developed by approximating the adsorbed vapor as molecular

clusters adsorbed at sites, as suggested by the observations of
Frazer® The ¢-isotherm reduces to the Anderson isothérm

i SL
e-:mr;?an]eatzggst E)l:gpfsl?: tg 'S;%g;h%u\ia;ﬁfﬁg :’ rzrlftijc/)n is re- & particular limit, and is examined experimentally for pressures
9 y P 9eq ’ from near zero to near the saturation vapor pressure by using

?hue"%?}cﬁjﬁiﬁgfﬁ?;ﬁzﬁggtmiéhﬁ ﬁgggﬁggiﬁﬁg gi?:;&isdata from the literature. Five systems are considered: benzene
thermodynamicé Chibowski and Perea-Carpio reviewed several andn-hexane adsorbing on graphitized cartié#;O adsorbing

of these hypotheses, pointing out that none allows an “unam- " silica (TK800) and on alumina (Baikowski CR1jand
. yp S, P 9 - 5 » benzene adsorbing on pulverized quaftZor each system, the
biguous interpretation of the experimental data>...”.

. . parameters appearing in thésotherm are determined. Although
\(/jVeSPropoigﬁ nelw methdod fotr mfgrrltnhg the \{atlrl:es;/gr d for each system considered the calculations are in good-to-
ag cz/r 'nltnerfv:;\c:g _sor;é/ dzrc];l ?o Sggt;gg rlls?hefr;nc; dana rg'ﬁsﬁel excellent agreement with the measurements;tisetherm does
vapor | ! IbDSI ynamies not indicate an infinite adsorption at the saturation pressure for
positions of the interfaces at the sotidapor and solie-liquid

interfaces are chosen to be such that there is no adsorption oPn\)//VEf th(:hsystems con§|dtered. Il to alla@vt st th
the solid component. Adsorption from the fluid phases is fully en the pressure 1S too small {o a 0 exist, the

taken into account. The Gibbs adsorption equations and the51Sotherm is used to construct the expression fif as a
necessary conditions for equilibrium are applied to show that function of the ratio vapor-phase pressur@4(r), denoted.

if the pressure is such that can exist, the adsorption at the 1S allows tg;e.proposed theory to be subjected to an important
solid—liquid interface,n5;, can be expressed in terms@tnd test. Whenyy,; is evaluated aé()v = 0, a material property of

the adsorption isotherm at the sefidapor interfaceny). The the f\?"d surface is obtainegy;. But it is expressed in terms
bracketed subscript indicates the choice of the interface position.Of ¥~ and the adsorption parameters. Since the adsorption of
For the isothermal system considered, the independent variabld®€NZene and-hexane on the same substrate, graphitized carbon,
of 0, V[Sl\]/ and y[% is shown to be the ratio of the liquid-phase has been previously m_easured, the valueﬁ}ffor graphitized
pressure at the three-phase lif&(zs), to the saturation-vapor carbon can be determined from these two independent sets of

pressurePy(T), denoted ass, where the subscript 3 indicates ~Measurements. We find the two valueswﬁﬂ, obtained from

it is evaluated at the three-phase line. This greatly simplifies P€nZéne and-hexane measurements, are not measurably
different. A similar test is provided by quartz and silica (TK800).

*Address correspondence to this author. E-mail: ward@ Although the surface of these materials is polycrystalline, they
mie.utoronto.ca. consist of primarily of Si@, and thus would be expected to
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have similar values of;}. We find the mean values of their ~ The expression fong;(x;) given in eq 10 may be substituted

surface tensions differ by 8%. into eq 7, and the result integrated. To choose the limits of the
integral, we note that if the vapor is approximated as an ideal

2. Expressions foryf;)' and y5j; When the Pressure Is Such  gas, then

That the Contact Angle Can Exist

Consider a single component fluid filling a cylinder that is
maintained at temperatufe Depending on the pressure, the
system can adopt different configurations. We first suppose the
pressure is such that the liquid and vapor phases are presen
and at the line formed where they contact the solid surface at
height z;, an equilibrium contact anglef, is formed. The v
maximum value thafl can have isr, and the minimum is zero. X\3/ = exp{—(xg - 1)] (12)
The pressure ratios in the liquid phase at the three-phase line Vg
when the contact angle has these values are demgiaadx,
respectively. Second, when the pressure ratio is b(-x(pwhe
contact angle cannot exist, but equilibrium between the vapor
and adsorbed phase can.

2.1. The Independent Variable for an Isothermal Three-
Phase SystemEor an equilibrium contact angle to exist in the
system, the pressure ratio must be in the range

0]
w/(T, PY) = (T, P) + k,T In(x") (11)

where k, denotes the Boltzmann constant.f denotes the
specific volume of the saturated vaporTatone finds from eqgs
, 4, and 11 that at the three-phase line

Thus, eitherx; or x3 may be chosen as the independent

variable for, v, andyjy;. Also, as seen from eq 12,) has

a value of unity, then so doexg. For the pressures in the liquid

and vapor phases to have the same value, the hguagor

interface cannot have any curvature, or in other words, the

contact angle must be/2; thus,

xo<xt<xt @) cosf(1)=0 (13)
If x5 is set equal to unity in eq 1, then it is found thed(1)

andy{}j(1) are equal, and we denote their valueyasHence,

if eq 10 is substituted into eq 7, and the result integrated:

and the chemical potentials of the molecules in phage must
satisfy

sv_ sL ,SL_ L L_ V
- I - I - 3
TR e BF 13408 — vo = — [0 Pt — /Y coso(d)  (14)
whereSV, SL, L, andV denote the soligtvapor, solid-liquid,
liquid, and vapor phases, respectively. If we assume the liquid and integrating eq 8 between the same limits gives

phase may be approximated as incompressible v L & SviL )

X3) —yn=—/[.Nn v Pd 15
TR =T PY+ PO =1) (@) 0D~y = S Py (9

If the expression fon[sl‘]’ were available, egs 14 and 15 could

be integrated to obtain the expressions #§(x;) andyf) in

terms of their independent variablel, and the reference
surface tensionyp.

) 2.2. The Wetting Hypothesis for Pressures Where the
Contact Angle Can Exist. From thermodynamics alone, the
numerical value of the surface tensions (or surface energies)
cannot be obtained. We adopt the wetting hypothesis to estab-

dySV: —nSdeSV (6) lish a scale for soligfluid surface tensions. The wetting
g 2 hypothesis assumes that whed is equal tox;, ;%)
After taking the differential of eqs 3 and 4 and applying vanishes. The consistency of the wetting hypothesis will be

the result at the three-phase line, one finds eq 5 may be written€%amined below, but we first apply it to determine the
expression foryp.

whereT is the temperature, angis the specific volume of the
saturated liquid afl. The Gibbs adsorption equations at the
solid—liquid interface may be written
SL __ SL SL

dypy = —npydu

and at the soligvapor interface

dySh = —nSlo, Py @) If eq 14 is evaluated at;,
and similarly, eq 6 becomes Yo= 1>¢"n[51\]/(x§)z/f P dxg + y- (16)
dV[Sl\]/z _n[Sl\]/Uf Psdxlé (8) When the expression forg is inserted into eq 15, one finds,

after simplification
Equations 7 and 8 indicate that, for the isothermal system

we consider,yy and yp; each hasx; as its independent Ye8) = ¥t = 1,08, X5) (17)
variable. And then, from eq ¥ does as well:

wherely(X;, %) is defined as
0= 00%) (©) i

O, X)) = EnSV(xs)p, P dx; 18

After taking the differential of eq 1, and combining with egs o X3) vaLv (Xa)r Py (18)

7 and 8, find . . .

and e, one finds Whenx; is equal tax,, the integralo(X;, X;) vanishes, and one
VLV finds from eq 17

Ly L Ve L

nﬁ](X3) = n[sl](XS) + v P, (10)

S|

Yok = (19)
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The result given in eq 19 could also have been obtained by If ax denotes the total number of tygelusters on the surface,
evaluating the Young equation gf equalx;, and applying the ~ and if the total surface area 4 then
wetting hypothesis. Alsoy;(X) may be written in terms of .
lo(<&, x5): if eq 16 is inserted into eq 14 and the result sv__
: A= 3 ke
k=

simplified (23)

Vﬁﬁ(’@ =y — cosb(x5)] — 1,(% X5) (20) If the number of empty adsorption sites is denotedg@shen

Below, we examine the magnitude kb(&k,x x;) compared with £
y-V. This requires the value of, and the expression for)( AM =g, + Zak (24)
xy) to be known. k=
2.3. Expression for the Adsorption Isotherm at the Solid-
Vapor Interface. When 6 exists in a systemxs and xy are
near unity, but at present, there is no adsorption isotherm that
has been proven experimentally valid in the limit E\f 4
approaching unity. The BET, FHH,2-14 and AD' isotherms E(ay, ap, -8, 1y, 1 1) = Z(3akegk) + Ikhw(k))
all indicate n3| approaches infinity in this limit. Andersén IS
pointed out that better agreement with experimental data was
obtained ifx¥ in the BET isotherm expression were multiplied
by a constant that was less than unity and varied from one
system to another. With this modification of the BET isotherm,
the expression fon[si‘]’ becomes

The total energyk;, of the adsorbed molecules may be expressed
in terms ofax and the number of phonons of each tyhe,

(25)

The energy degeneraay, of the typek phonons is the number
of ways the phonons of this type may be distributed oveathe
molecular clusters:

(3t 1, — 1)

V
SV __ Mcaox 1) 0.= —(3ak T

M1 — o)L + (¢ — L)ox"]

(26)

and the configurational degeneragy, is the number of ways

whereM denotes the number of adsorption sites per unit area o : . ;
of the solid surfacea the Anderson parameter, ard a the clusters may be dIS.tI’It.)Uted over the adsorption sites with at
most one cluster per site:

temperature-dependent parameter. When the Anderson correc-

tion is introduced, the adsorption is no longer predicted to be (AM)!
infinite in the limit of xg approaching unity. We investigate the g.= i 27)
theoretical basis for the Anderson correction. ¢ ¢
Hill introduced a model of an adsorbate that he later called aoﬂak!
“physically unrealistic” in which the adsorbed molecules were =

assumed to assemble at the adsorption sites in non-interacting,

vertical stacks with an arbitrary number in each stéddsing The canonical partition function for the adsorbate viewed as

the grand canonical ensemble, he was able to obtain eq 21 andlifferent adsorbed species is found to be

to give a molecular interpretation of the BET equation, but he

ignored Anderson’s earlier empirical observation, and taok . £ a

in eq 21 to have a value of unity. This reduces eq 21 to the Q=g ﬂ(qk) (28)

BET equation. -
Earlier, Frazér had used ellipsometry to observe water

adsorption on glass and noted thatdsapproached unity, where

molecular clusters formed at the adsorption sites. We develop L ® 3

an adsorption isotherm expression that incorporates Frazer’'s ex "¢

observations in the model of the adsorbate. At the sala@por l ‘ kT ‘

interface, we suppose there dMeadsorption sites per unit area, O = h® (29)
that as many a§ molecules may adsorb in a molecular cluster 1—ex w

at one site, and we treat each clustek nfolecules as a chemical kT

species, and each cluster is approximated as a three-dimensionafVe Suppose the partition function for a tykeluster may be
quantum mechanical, harmonic oscillator having a fundamental Written as a product:

frequency that depends on the number of molecules in the 1

cluster,o®. We neglect the internal degrees of freedom of a 0=0(a,)” 5 k=2,3,...8 (30)
cluster and approximate each cluster as a maksxom, where

m is the mass of a vapor molecule. dgk) is the zero-point Note thatgx is a function of temperature, but of no other

energy of each degree of freedom of a clustek afolecules, ~ thermodynamic properties.

andh denotes the Planck constant divided by then the energy From the relation between the Helmholtz function and the
levels of each degree of freedom of a cluster may be canonical partition function, the chemical potential expression
written of the adsorbed clusters containikgnolecules may be found

by differentiating the partition function with respect @
9 = 9 + jo®

= kgT |”(i) (31)

i=0,1,2, ... k=1,2,3,..C (22) .
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Under equilibrium conditions between clusters consis-
ting of k molecules and the clusters containing only one
molecule

=Kty (32)

and between the single-molecule clusters and the molecules in 40

the vapor phase

uy=p (33)
From eqgs 31 and 32
& Oy (e — 19)
= "exg——= 34
a q F{ kT (34

Ward and Wu

TABLE 1: Parameters of the {-Isotherm for Benzene
Adsorbing on Graphitized Carbon at 20 °C Obtained from
the Data of Isirikyan and Kiselev®

¢ error,% M (kmol/m?) c a i (kg/9)
20 119 397 10° 11462  0.8510
+1.0x 1070 +16.7  +0.009
1.07 397 10° 11586  0.8472
+85x 1071 +15.06 +0.007
60 1.07  3.96<10° 11597  0.8473
+85x 1071 +15.04 +0.007
80 1.07  3.96<10° 11597  0.8473
+85x 1071 +15.04 +0.007
100 107 3.96<10° 11597  0.8473
+85x 107t +15.04 +0.007
o 1.07  3.96x 10° 11597  0.8473 0.091
+85x 101t  +15.04 +0.007  +0.003

Since the vapor phase has been approximated as an ideal ga§,ABLE 2: Parameters of the {-Isotherm for n-Hexane

one finds from eqgs 11, 30, 32, 33, and 34 that

&

— = (ax)<?! (35)
1
where
T,P
oa=q, expu(kb—TS) (36)

Note that temperature is the only thermodynamic property that
o. depends on.

After eq 35 is substituted into eq 24, the series summed, and
the result solved fomg, one finds

ayf(oxy - 1]

=AM
(ox’ — 1)

(37)

An expression foig; is obtained by first writing eq 33 as

ax”

kT In(a%l) =kT In(q—) (38)

Adsorbing on Graphitized Carbon at 20 °C Obtained from
the Data of Isirikyan and Kiselev®

¢ error,% M (kmol/n?) c o i (kg/s)
20 0.70 3.43x 10°° 876.71 0.8239
+4.1x 10"  +62.32 40.006
40 0.68 3.43x 10°° 875.45 0.8211
+3.9x 10  +60.03 +40.005
60 0.68 3.43x 10°° 875.46 0.8211
+3.9x 10 +£60.02 40.005
80 0.68 3.43x 10°° 875.46 0.8211
+3.9x 10  +£60.02 40.005
100 0.68 3.43< 107° 875.46 0.8211
+3.9x 10  +£60.02 40.005
co 0.68 3.43x 107° 875.46 0.8211 0.088
+3.9x 10  +£60.02 40.005 4+0.001

After simplifying, one finds

SV Meax'[1 — (1 + &)(ox")" + &(ax)]
W (1= 1 + (€ — Do’ — (o)

(42)

We refer to the expression fary], given in eq 42, as the
C-isotherm relation.
Hill 1¢ obtained eq 42 at an intermediate step of his derivation

where we have made use of egs 31, 11, and 36; then substitutingf the BET isotherm, but since he had used the grand canonical

eq 37 into eq 38 and solving f@x:

WE _
where
_ %
c= a, (40)

A second expression fa is obtained by first solving eq 35
for &, substituting the result into eq 23, and summing the
arithmetic-geometric series:

Ay 1 — (ax) (L — ax)
a (1 — oxY)?
ax'[L — E(ox) ™+ (€ — 1)(ex")]

(1 — ax’)?

(41)

and solving eq 41 foae;. After equating the expression fag
given in eq 41 to that in eq 39, an expressh?f]f is obtained.

ensemble, he had to take a limit in whigh approached
infinity. He implicitly assumed the produotxiV to be less than
unity, and found that in this limit eq 42 reduced to eq 21. He
then assumed was equal to unity, which reduced his result to
the BET equation. Since we have used the canonical ensemble,
it is not necessary to take the limit gfapproaching infinity.

This allows us to empirically investigate the maximum number
of molecules in a cluster when the adsorbed vapor is at
equilibrium.

2.4, Assessment of the Adsorption Isotherm Expression.
The ¢-isotherm contains four parametenst, ¢, o, and¢. We
investigate the isotherm by determining if the parameters may
be selected so the measured amount adsorbed in five different
systems corresponds with that calculated. The NonlinearFit
package of Mathematica is used to select the values of the
parameters. Because of the complexity of the isotherm expres-
sion, all four parameters could not be determined simultaneously
for each of the systems considered. We proceed by assuming a
value of{ and determine the values M, c, anda that give
the best agreement with the measurements for that valde of
A series of different values is considered for each system.
The errors in the calculated amount adsorbed for a particular
value of¢, denoted\(£), are compared and the appropriate value
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20 B hit =40
c enzene on graphite =40 < 5} HOonsiica £=80
0 9
815 8T 4
5 E &
® 2 §g 8
5 210 ¥
- =2 2
€O 58
ST o>_
g2a=5 Ex
<Fc <°
0 0.2 0.4 0.6 0.8
0.2 0.4 0.6 0.8 Pressure ratio xV

Pressure ratio xV Fi . .
) ) o igure 3. The solid dots indicate the measured amount of water vapor
Figure 1. The solid dots indicate the measured amount of benzene gqsorped on silica TK800 at 3XC.° The solid line is the amount
adsorbed on graphitized carbon atZ® The solid line is the amount  cajculated from thé-isotherm relation when the maximum number of

calculated from th¢-isotherm relation when the maximum number of  olecules in a cluster is 80. The other parameter values are listed in
molecules in a cluster is 40. The other parameter values are listed inTgpje 3.

Table 1.
TABLE 3: Parameters of the -Isotherm for Water Vapor
; ; _ Adsorbing on Silica (TK800) at 30°C Obtained from the
s 12 n-Hexane on graphite =40 Data of Naono and Hakumar?
gcﬁg‘w ¢ error,% M (kmolin¥) c o i (kg/s)
Zo8 20 1.81 5.08x 107° 12.09 0.9980
5 £ +£6.3x 1010  16.63 +0.03
226 40 067 512¢10° 1642 09522
3T 4 +1.0x 107® +£255 40.003
IS wCE 60 0.56 5.23x 10°° 15.67 0.9456
<T2 +7.7x 10t  £1.88 40.002
80 0.54 5.25¢< 10°° 15.55 0.9448
0.2 04 0.6 0.8 +7.3x 1CT911 +1.81 +£0.0019
Prossur i’
Figure 2. The solid dots indicate the measured amount-tiexane o 054  525x 10-° 15.54 0.9447 0.145
adsorbed on graphitized carbon at°Z® The solid line is the amount +72% 101 +£1.79 400019 +0.003

calculated from thé&-isotherm relation when the maximum number of

molecules in a cluster is 40. The other parameter values are listed inTABLE 4: Parameters of the -Isotherm for Water Vapor

Table 2. Adsorbing on Alumina (Baikowski CR1) at 20 °C Obtained
from the Data of Naono and Hakumar?

of ¢ chosen. The expression fa({) is

¢ error,% M (kmol/n) c a vy (ka/S)
20 1.19  1.03< 10°® 4228  0.8449
Nm v v v vea +39x 1010 41352 +0.0123
nY(x) — n¥(&, x] 40 1.07  1.03< 10°® 4321  0.8398
2 medX) ~ Neal(S, % +32x 10710 41219 +0.0090
A = (43) 60 1.07 1.03 1078 4328  0.8399
N +3.2x 10710 +12.18 +0.0090
nsv s(xiv) 80 1.07 1.03 10°® 4328  0.8399
AR +3.2x 1010 +12.18 +0.0090

= 100 1.07 1.03< 10°8 43.28 0.8399
+3.2x 101° +12.18 +0.0090

wheren;¢(x) is the amount measured at the relative pressure 107  1.03x 108 4328 08399 0.209

x', andng, (8, ') is the amount calculated from tifeisotherm +32x 101 +1218 40.0090  +0.012

to be present at that value gf and the particular value df. —0.014

The number of measurements is dendigd Forn-hexane, measurements were made at 38 different values

Isirikyan and Kisele¥ studied the adsorption of benzene and of xV in the range from 0.0001 to 0.90 at 2G.8 The value of
n-hexane on graphitized carbon. Thermal carbon blacks werethe isotherm parameters and the valueA¢f) for a series of
graphitized at 300& 300 °C in the absence of air to produce different values ot are listed in Table 2. Provideti> 40, the
a nonporous adsorbent with a homogeneous surface that warror in the calculations is 0.68%. Fgr= 40, the calculated
thermally and chemically stable. Electron micrographs and the amount adsorbed and the measurements are shown in Figure 2.
X-ray diffraction measurements indicated that the initially At 30 °C, Naono and Hakumdnmeasured water vapor
spherical particles became polyhedra with surfaces that wereadsorption on silica (TK800) at 42 different values<ébetween
mainly the homogeneous, single crystal, basal planes of 0.001 and 0.96. The values of the adsorption parameters for a

graphitet’—1° series of different; values are listed in Table 3, along with
The adsorbed amount of benzene at 42 different valug$ of values of A(§). ProvidedZ = 80, the error in the calculated
in the range from 0.0005 to 0.925 at 20 was measuredlin amount adsorbed is 0.54%. The measurements and the calculated

Table 1, the values of the isotherm parameters correspondingamount adsorbed are shown in Figure 3. They also measured
to the different values of are listed, along with the error in  the water vapor adsorption on alumina (Baikowski CR1) at 26
the calculations for each case. Note that providesd 40, the different values ok between 0.008 and 0.931 at 2G. The
error,A(¢), in the calculated amount adsorbed is less than 1.1%. values of the isotherm parameters are listed in Table 4, along
In Figure 1, the calculated amount adsorbedfer 40 is shown with the corresponding values 6f(¢). As seen there, provided
along with the measurements. ¢ = 40 the error in the calculations is less than 1.1%. Their
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5} H,0 on A0, T =60 .

w N
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SV
)

Amount of adsorption
(108kmol/m?)

0.2 0.4 0.6

Pressure ratio xV
Figure 4. The solid dots indicate the measured amount of water vapor
adsorbed on alumina (Baikowski CR1) at 2D The solid line is the
amount calculated from thé&-isotherm relation when the maximum

0.0 0.8

number of molecules in a cluster is 60. The other parameter values are

listed in Table 4.

Benzene on pulverized quartz € = 300

S 5

8¢

gs*

JES3

o

522

=

< <1

e00 0000 Ld

0.2 0.4 0.6

Pressure ratio xV

Figure 5. The solid dots indicate the measured amount of benzene
adsorbed on quartz at 2&.1° The solid line is the amount calculated
from the-isotherm relation when the maximum number of molecules
in a cluster is 300. The other parameter values are listed in Table 5.

TABLE 5: Parameters of the {-Isotherm for Benzene
Adsorbing on Quartz at 25 °C Obtained from the Data of
Naono, Hakuman, and Nakai®

¢ error,% M (kmol/m?) c a 7 (kg/s)
50 3.94 1.96<10° 172.18 0.9782
+3.5x 10710 +1052.5 +0.0188
100 2.81 1.6%&10° 1857.95 0.9755
+1.4x 10710 +7.2x 10t 40.0051
150 256 1.6 10° 8.29x 102 0.9755
+1.1x 1070 +0.0 +0.0034
200 250 159 10° 3.36x 10 0.9760
+9.9x 1071 +0.0 +0.0030
300 249 158 10° 1.39x 10 0.9763
+9.5x 1071 +0.0 +0.0028

P 248 1.58x 10° 1.54x 101 0.9763 0.162

+9.5x 1071 +0.0 +0.0028 +0.008

—0.006

measurements along with the calculated adsorption is shown

in Figure 4. The surfaces of both silica (TK800) and alumina
(Baikowski CR1) are polycrystaline; thus, the adsorption
parameters would represent average values for the differen
crystallite planes that are exposed at the surface.

Naono, Hakuman, and Nak&ireported the adsorption

isotherm of benzene vapor on nonporous, pulverized quartz at¥s

Ward and Wu

Temperature chamber
A

Vapor
C2(-)
bm

0
Liquid I

C1(—)

0

 —

A

Figure 6. The definition of parameters used in predicting the liguid
vapor interface shape.

Note that for each system considered, there is a threshold
value of : as ¢ is progressively increased, the error in the
calculated amount adsorbesl($), progressively decreases until
the error reaches a minimum value, but the error does not
diminish further (see Tables—5), even if ¢ is allowed to
approach infinity. Physically, this suggests that there are limited
numbers of molecules in the clusters, and allowing more than
the threshold value does not improve the accuracy of the
calculated amount, perhaps because no clusters with a larger
number of molecules are present.(lis allowed to be larger
than the threshold value, the accuracy in the calculated amount
adsorbed does not diminish. This allows thesotherm expres-
sion to be simplified without losing accuracy: thus, we take
the limit of ¢ approaching infinity, and use the corresponding
values ofM, ¢, anda in further calculations. This reduces eq
42 to eq 21.

2.5. Magnitude of I 4(x;,, x5) When the Pressure Is Such
That a Contact Angle Exists.We now examine the magnitude
of 150X, ;) that appears in eqs 17 and 20, and show this
integral is negligible compared with-¥ when the pressure is
such that an equilibrium contact angle can exist. Sijce x5
and n3(x3) are positive, an upper bound to(X, X5) is
provided by the integral(x;, X.):

30 ) = [P, b (44)
1,0, x5) < J0&, Xb) (45)

The expression fong)(x") is now available, but the values of
x\j, andxb are yet to be determined. The three-phase system

considered (see Figure 6) is one in which the liquid and vapor

tphases are held in a cylindrical container of radigs and

exposed to a gravitational field of intensigy
In Appendix A, the necessary conditions for equilibrium are
ed with the turning angle method to determine the vaki;;es

L . . - - .
25 °C. They measured the amount of benzene vapor adsorbed®dX; @s & function off for an axi-symmetric liquiervapor

at 45 different values ok¥ between 0.014 and 0.99. The

interface in cylinders of different radii, and the results are

: g L .
calculated values of the adsorption parameters and values ofSummarized in Figure 7. Note thef < 1, butx; > 1; thus, the

A(C) are listed in Table 5. Fot = 300, A(8) was less than

integral J(x,, ) in eq 44 would not be defined if isotherms

2.5%. In Figure 5 the measurements and the calculated amounguch as the BEF, FHH,'>"4 or AD'> were used, since each
adsorbed are shown. We note that of the five systems considered®f them indicates an infinite amount adsorbed whenis
this is the largest error in the calculated amount adsorbed, andunity, but, by contrast, thé-isotherm indicates a finite amount

the largest inferred value @f This suggests that the roughness
of the pulverized quartz may have played a role in the
measurements.

adsorbed under this condition. Also, it may be noted that the
largest difference betweed] andx,, for a given temperature,
occurs for the smaller sized cylinders. This means the integral
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TABLE 6: Values of J(x, x-) for Liquid —Vapor Systems in
0.56 mm Radii Cylinders

benzene-carbon n-hexane-carbon

water—silica (basal plane) (basal plane)
T(°C) 30 20 20
X, 0.94013 0.98969 0.99577
1_>§\A// 2x10°8 4 x10°® 4x10°°
X 1.05987 1.01031 1.00423
J (kg/s) 8.7x 1077 4.8x 1077 3.3x 107
yWV(kg/s?)  0.0712 0.0289 0.0184

J(x;,, x;) has its larger values for smaller sized cylinders. This
allows a major simplification in evaluatinux';v, x;): the Bond
number (Ngré/z/fyLV) decreases as the cylinder radius is

reduced, and if the Bond number becomes small compared to

unity, the interface may be approximated as sphefftal.

When the liquid-vapor interface is spherical, the curvatures
are equal and constant along a liqdicapor interface, but their
value depends ofi. If the curvatures at a point on the interface
when the contact angle #&sare denotedCiy(¢), fori = 1 or 2,
then for a spherical interface

Cu(#) = C(9) = Cy (46)
Geometry allowsCy to be expressed
C,= cosf (47)
Moy
and cosf to be expressed (see Figure 6)
2r
0s6 = ﬁ (48)
ZO(¢m) + rcy

The expression fod(x,, x-) can now be determined: from
eq 12

Y

o — vy dXs
3 Y

Us X3

(49)

andJ(x;,, x;), given in eq 44, can be converted to an integral
overx\3’. One finds from eqgs 21, 44, and 49

_ v _ V-
MP. In (—1+ ax)[1 + (c — L)ox ] (50)
N1+ o)L + (€ — D)o

L L

IO %2)

A method is given in Appendix B by whicB(x,, x5) may be
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are shown in Table 6. Note that in each casedxg, x-) is 5
orders of magnitude smaller thahV. SinceJ(xbv, x;) is larger
thanl(x,, x5), the latter integral is completely negligible in eqs
17 and 20. Hence, provided the pressure is such that the contact
angle can exist¢, < x5 < x5)
SV L LV

YmXs) =7y (51)
and y[sﬁ can be expressed in terms of the contact angle. From
eq 20

vt = 71 — cos6(x)] (52)
We note that ak; equalx;, eq 51 gives
Y o) = 7 (53)

and this result is exact in the sense that no approximation is
made to obtain it from the formulation (see eq 19); thus, the
result indicates that in the pressure range considered, the
adsorption at the solidvapor interface is not strong enough to
channg[sl\]’from its value at wetting, but it is important to note
that the pressure range is very small (see below).

By contrast, eq 52 indicates thafl(x;) changes signifi-
cantly in the pressure range considered, going from zero at
wetting to 2V atx;. The reason for this change jfi; can be
seen by integrating eq 10 subject to the condition given in eq
13:

Vs

Py o
MU [5In3506) — N O] dxg  (54)

cosf(x5) =

Thus, the net adsorption at the three-phase line is seen to be
the mechanism by which is changed axg is changed, and
when eq 54 is compared with eq 52, this mechanism is seen to
be the one that change§X(x).

3. Expression forySV(x¥) When xV < x/; A Test of the
Theory

When the pressure ratio is belox%, equilibrium can no
longer exist between the three phases, but only between the
phase adsorbed on the solid surface and the vapor phase. The
equilibrium conditions in eq 3 reduce to

ﬂv — ﬂsv
and from eqs 6 and 11, the Gibbs adsorption equation at the
solid—vapor interface becomes

(55)

-
% dx”

B0 =~y (56)

If the expression fon[sl\]’given in eq 21 is combined with eq 56

and the result integrated from the wetting condition wnqs[\{a
has a value of'V (see eq 53), one finds

(1 — o)1 + (c — 1)ox]
(1 — o)1 + (c — 1)ox"]

Y <) = 7"+ Mk, TIn (57)

The pressure ratio in the vapor at Wettind, is very near
unity for all the systems considered. As illustrated in Figure 7,

the maximum deviation af;, from unity occurs in the smaller

evaluated, and the results obtained for three different systemssized cylinders at the lower temperatures, and as indicated in
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Table 6, the value ofg\,f, in a 0.56 mm diameter capillary for
water, benzene, anghexane deviates from unity by 10-6
or less. Thus, in eq 57 we approximaﬁgas unity. Then, from
eq 57:

B (a0 — D1+ (c — 1)ax"]
Mo TIn (ox — D)[1+ (c — 1)0] >8)

V[l](x )=

The amount adsorbed decreaseg‘ds decreased, and as seen
in Figure 8, in the pressure range consideyé}ﬁlincreases by
a factor of more than 4 a¢ is decreased to zero. In view of eq
56, this can be understood as the effectygi of decreasing
the adsorption by loweringV.

Whenx" is lowered to zero a special state is reached. From
eq 58

0 _ L _ca
D=yt MkaIn(l + = OL) (59)

Ward and Wu

temperatures are slightly different. The value for S{OK800)
determined from the study with water vapor is listed in Table
3, and that for quartz determined from the study with benzene
vapor is listed in Table 5. Their mean values differ by only
11%, and the one at the higher temperature has the lower value
of y[sﬁ.

The fact that the values qf[Sf] calculated from measure-
ments made by adsorbing different vapors on the same solid
surface indicates the wetting hypothesis leads to consistent
values of theyﬁ)], and the proposed method can be used to
determine the surface tensions.

4. Discussion and Conclusion

The results obtained are based on the Gibbs adsorption
equations, the conditions for equilibrium, and an equilibrium
adsorption isotherm at the sofidapor interface. A new
equation is obtained for an isothermal system that expresses
n5; in termsngy and6 (see eq 10). This eliminates the need to
determine the expression for an adsorption isotherm at the
solid—liquid interface. Bothym and y, ﬁ are expressed in
terms of an integral OIhSV (see eqgs 17, 18 and 20). Isotherms
that indicate an infinite amount adsorbed whiis unity cannot
be applied because the limits of the mtegralnﬁf’ extend
above and below<3 equal unity, and the integral would not
converge if these isotherms were applied.

When the adsorbate is approximated as consisting of molec-
ular clusters, each possibly containing different numbers of
molecules, one finds thé&-isotherm relation that has four
parametera\, ¢, a, and¢ (see eq 42), bui can be eliminated.

The parameten is usually assumed unity, but its deviation from
unity is important. If its value were unity, tigisotherm would

also predict an infinite amount adsorbedxétequal unity. If

the values of the parameters are chosen so as to give the best
agreement between the predictions and the measurements for

The surface tension of a solid surface in the absence of five different vapor-solid surfaces, the value of is found to

adsorption,yl, is a material property of the solid. Although

be significantly less than unity for each case (see Tabies 1

the values oM, c, anda are determined by measuring the and Figures £5). The error in the calculated amount adsorbed
amount of vapor adsorbed on the solid surface, if the theory is compared with that measured is less than 1.1% for four of the
valid eq 59 should define a material property. This interpretation fjye systems and less than 2.5% for the other. Thus, there

can be tested for the basal plane of carbon, since measurementgppears no reason to assuméas a value of unity.

were reported of benzene and mhexane adsorbing on this
surface at 20°C8 As seen in Figure 8, the values of)/

obtained from adsorption measurements of benzene and thosg iq interface®

with n-hexane approach one another in the limik6approach-

ing zero. The value obtained fpf in this limit from the study
with benzene is listed in Table 1, and that obtained from the
adsorption ofn-hexane is listed in Table 2. The error bar is
+3% in the former case antt1% in the latter, and the error

bars overlap. Thus, there is no measurable difference betweerVhere

the values ofj/[l] determined by these two independent mea-

surements. The error bars result from the error in the inferred

values ofM, ¢, anda. The agreement between the inferre
values ofyﬁ)] from measurements with benzene and indepen-
dently with n-hexane suggests eq 59 does, in fact, define a

Although adsorption effects have generally been neglected
in previous efforts to determine the surface tension of a solid
we find the importance of adsorption depends
on both the existing pressure and whether iti§ or ¥} that
is being considered. If the wetting hypothesis is adopted, a
numerical value may be assigned to sefflliid surface tensions.
This hypothesis a53|gns a value of zero;/@j at wetting,

Xt is equal to><W and 0 is zero (see Figure 7). This
assignment is similar to the procedure adopted in constructing

tables for the properties of water, where the enthalpy of water
d at273.16 Kis assigned a value of zero, and enthalpies at other

conditions are measured relative to this state.

In the narrow pressure rangey(=< xg <

X-) where the

material property of a solid surface and the value obtained from contact angle can eXIst (see Figure 8), adsorption does not

the theory is independent of the vapor used to me e
This possibility may be examined further by considering the
value ofy [y obtained for SiQ (TK800) at 30°C and for quartz

change the value qf from the value it has at wetting;V
(see eq 53). As may be seen from eq 54, an integral of the net
adsorption at the three- phase line is the determining factor in

at 25°C. The surfaces of both these materials consist primarily the expression fop, and v, as |nd|cated by eq 52. Thus,

of Si0y, but in the experiments, neither was a single-crystal sur-

adsorption strongly change)zm, as x3 is changed in this

face9 10 Nonetheless, one could reasonably expect the valuespressure range, and, as a redli changed as well. The value

of y[l] to be similar for the two materials, even though their

of 7’[1] ranges from zero to twicgV.
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For pressures below, the contact angle cannot exist, and where we have made use of eq 12. The curvafygg) is
there is only the possibility of equilibrium between the vapor related to the radial position on the interfaggp) by
and the phase adsorbed on the solid surface. The maximum .
value ofylsl\]’ occurs wherxV approaches zero (see Figure 8). Cylo) = sing (62)
As xV increases from zero tq), yf}] decreases until it reaches Yo(¢)
yV. There is no liquid phase in this pressure range, but when
XV increases abovg\ﬂ’,, the liquid phase appears. The wetting
hypothesis can be seen as assuming that just when the liqui
phase appears, thgsl']' is zero. If this were not true, there
would be a discontinuity iryj}; atx;,. For valuesq;, < x < Y, P, %o, .
the contact angle can exist. From this point of view, when Co(0) = —exf —1%4(0) — 1] ) — %4(0) (63)

. SV . . Q 2’}/ Ug
adsorption has loweregy; from its maximum valuey™, to
Y-V, there is no longer any potential for adsorption at the selid  After combining egs 4 and 60, and applying the result at the
vapor interface, but there is potential for adsorption at the solid  point where the liquietvapor interface crosses the axis of
liquid interface, since this phase did not exist fr< x,. As symmetry (i.e., the coordinate system origin, see Figure 6) and
Xt is increased, in this narrow pressure rang% changes at an arbitrary position on the liquieapor interface, one finds
markedly.

The proposed theory is testable. Whéfis too small for the Waz(¢)
contact angle to existy;) can be expressed in terms of the v Py
adsorption isotherm parametehd, c, o, andyV (see eq 57),
and as the independent variabt¥. When this relation is Sincezy(¢) is measured from the coordinate system origin, it is
evaluated ax¥ = 0, an expression fo)p?l)], a material property positive if the vapor is inside the surface of curvature, but
of the solid surface, is obtained. An important test of the theory negative when the vapor is outside the surface of curvature.
is then possible because this material property can be determined The expression fo€14(¢) may be obtained from egs 12 and
by adsorbing different vapors in independent experiments on 61—64:
the same solid surface. The valueytﬁfj should be the same in v
each case. This procedure was used to determfﬁefor C.o(¢) = P %,(0) ex _Wg29(¢) — 1]+ 2¢,(0) -
graphitized carbon from adsorption measurements made with Lv Py 0

On the longitudinal axis of symmetr{;y and Cy are equal,
Gand are denote@y(0). When eq 61 is applied on the axis of
symmetry, it reduces to

X5(¢) = %5(0) — (64)

benzen_e and with-hexane at 20C. The mean values qt[’f] sing Wgz(¢)
were different by 3%, but the error bars overlapped. So there +t—x (65)
was no measurable difference between the valuqzﬁ)p(see Yo(#) T
Figure 8). The theory is further supported by the results found . .
for quartz and silica (TK800). Although the surfaces of each of @nd from differential geometry
these materials are polycrystalline, each consists primarily of
iG. Thus, one would expecty; for each surface to have = (66)
similar values. The values obtained are listed in Tables 3 and dep Cip(9)
5. Note the mean value for silica (TK800) at 3G is 11%
smaller than that of quartz at 2&. 4zy(9) _ sing 67)
d
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Sciences and Engineering Research Council of Canada. When the contact angle is zero oy the maximum value of
the turning anglegn, is 7/2 in both cases. However, in the
Appendix A: Determination of x;, or X former case the three-phase line is above the originza()

The liquid-vapor interface of the system shown schematically IS POSitive, but in the latter, the three-phase line is below the
in Figure 6 is axi-symmetric, and whe§ has the valuew: or origin andz,(¢) is negative. The boundary condition that the

x;, the values of are, by definition, zero ang, respectively. solution to eqs 6567 must satisfy is the same

When combined with the necessary conditions for equilibrium, v (T12) =y (l2) =t (68)
this is sufficient information to determine the values xf v " &
or x]Lr. but there is a change in the signzih the governing equations
One of the conditions for equilibrium may be writfeén between the two cases.
) From eq 64, the pressure ratio at the three-phase line when
w+Wgz= 4 (60) the contact angle i6, X;(¢), may be expressed

where 4 is a constant. A second condition for equili- Wgz(/2)
brium is the Laplace equation. If the curvatures at a point on x',;(:r/Z) = x'g(O) -
the liquid—vapor interface are denote@ip(¢p) and Cy(¢) v Ps
when a contact anglé@ exists at the three-phase line, and a
radius of curvature is taken as positive when the vapor is
inside the surface, the Laplace equation may be written (see
Figure 6)

(69)

We consider an iterative method to determine the solution
of eqs 65-67: a value 0fCy(0) is assumed, and the correspon-
ding value ofx'f;(O) is determined from eq 63. The expression
for Cig(¢p, Co(0)) can then be determined from eq 65, and used
in eqs 67 and 68. The result is integrated over the range

PS
Cupl#) + Cl@) = V—w[exp(g;[xm - 1]) - xb(q»] (61) 0<¢<al2 (70)
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If the correct value ofCy(0) has been chosen, then the
calculated value of,(rr/2; Cy(0)) will be equal torg. If not,
then another value &@y(0) is chosen, and the process repeated
until the boundary condition is satisfied. The values¢pand
X:L, obtained from this procedure are shown in Figure 7 for
different temperatures and cylinders of different radii.

Appendix B: Values of !, and x"

For a particular vaperliquid—solid system, the integral
J(X,, X-) may be evaluated once the valuesxjfandx’ have
been determined. We first expres§ and x in terms of

Ward and Wu
the result when botl® and¢ are zero:
exp(—[x;m) - 1]) —%0) =55 (75)
Vg MeyPs

For given values ofT, ry, the isotherm parameterd( c,
anda), and the fluid properties, eqgs #¥5 constitute a closed
system of equations that can be applied to calculate the values
of X!, and x’. These values may then be used in eq 50 to
determine the value af(x;, X-). The results obtained for three
different systems are listed in Table 6.

pressure ratios in the liquid phase at the three-phase lines. Thregeferences and Notes

steps are required. From eq 12

Xi(#) = exp(?[xbv(q» - 1]) (71)
9

and

vV Vil
X)) = exp(v—[xn(qﬁ) - 1]) (72)

9
Second,x\';,(¢) and x,';(qb) are written in terms of the pressure
ratio on the axis of symmetry of the cylinder when the contact
angle is zero,xbv(O), and when it ism, xJLZ(O). When# has a
value of zero, one finds from eq 48 th#tr/2) has a value of
rey, and then from eq 64

War,
i2) = X50) =,

(73)

and if @ has a value ofz, z(n/2) has a value of-r¢y, and eq 64
gives

War,

X;(71/2) = x(0) + 0 (74)

Finally, an equation to establish the valuesf0) andx:(0)
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