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Abstract—This paper presents a novel method for finding and classifying all the singularities of an arbi-
trary non-redundant mechanism. The proposed technique is based on the velocity-equation formulation
of kinematic singularity and the singularity classification introduced earlier by the authors. Criteria for
singularity are derived and used to formulate a method for computing the singularity set and revealing
its division into singularity classes. As an example, the comprehensive singularity analysis of a spatial
mechanism is presented. €© 1998 Elsevier Science Ltd. All rights reserved

1. INTRODUCTION

The identification of singularities has been investigated extensively for open kinematic chains[1-
3]. Classifications and conditions for singularity have also developed for parallel manipula-
tors [4-6]. Sugimoto et al.[7] applied the results of Hunt[8] to the identification of the special
configurations of single-loop 1-DOF mechanisms. Gosselin and Angeles[9] were the first to
address the singularity analysis of general closed-loop chains.

A common feature to most of these studies is the definition of singularity in terms of only the
input and output velocities of the mechanism, (i.e. the passive-joint velocities are not con-
sidered). On the other hand, the method of Sugimoto et a/.[7], while not ignoring the passive
joint screws, does not distinguish singularities from non-singular (in the input-output sense)
special configurations.

In[10] and [11], it was shown that approaches based solely on input-output equations may
fail to detect certain singularities in the general closed-loop case. In the first of these two
papers, the singularity of non-redundant mechanisms was defined by means of a velocity
equation, which includes all the joint velocities of the mechanism. A comprehensive classifi-
cation based on six singularity types was introduced. This classification is valid for arbitrary
kinematic chains.

In the present paper, the problem of singularity identification is addressed. The objective is to
detect all singularities of a given mechanism and determine their classification. Conditions for
the occurrence of singularity are derived and used as tools in the introduced method for singu-
larity identification and classification.

2. SINGULARITY TYPES AND SINGULARITY CLASSES
2.1. Definition of singularity via the velocity equation

For the study of the singular configurations of an arbitrary kinematic chain it can be assumed
that all N kinematic pairs have 1-DOF. The full-cycle mobility of the mechanism[8] is denoted
by n. Only n of the N joints (the input joints) are active, i.e. their joint parameters can be
actively changed, while the remaining (N — ) joints are passive. We restrict our attention to non-
redundant input-output devices, i.e. it is assumed that the number of input parameters, as well
as the dimension of the output space are equal to the general mobility, #n. The » active joint vel-
ocities will be referred to as input, and the n differential output parameters (the output vel-
ocities), specifying the instantaneous motion of the output link, as output.

Let us denote by m = [T, Q° ", Q""" the vector of the velocity parameters of the mechanism.
T, Q° and ©” are arrays of the output, input and passive-joint velocities, respectively. For any
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configuration, ¢, there exists and N x (N + n) matrix, L(q), such that m is a feasible instan-
taneous motion of the mechanism if and only if:

L(g)m = 0. (H

Herein, we assume that L(q) is a known continuous function of q. To obtain L(q), one would
first obtain the linear equations of loop closure for the joint twists of a system of independent
loops[12]. We shall assume that this process yields (N — n) equations. These equations together
with the » output velocity equations form the system (1). If more than (N — n) equations are
obtained, as can be the case for over-constrained mechanisms, a matrix with a greater number
of rows may be introduced in (1) instead of L and the methods described in the following sec-
tions remain valid when this enlarged matrix is used.

A configuration, q is defined as non-singular when Equation (1) can be solved both in terms
of Q" and T, for that q.

2.2. Classification of singularities of a general mechanism

According to [10] and [11] there exist six singularity types and each singular configuration
belongs to at least two types. The six singularity types are: (1)—(i) redundant input/outpur (R1/
RO, respectively), which occur when a non-zero input/output is possible with zero output/input;
(it)~(iv) impossible input/output (11/10, respectively), which occur when a certain input/output is
not feasible for any output/input; (v) redundant passive motion (RPM), which occurs when a
non-zero instantaneous motion is possible with both the input and output being equal to zero,
and (vi) increased instantaneous mobility (I1IM), which occurs when the transitory or instan-
taneous mobility is higher than the full-cycle mobility of the kinematic chain.

The loss of an output DOF (IO type) is not always accompanied by the acquisition of extra
input DOF (RI type), and dually, the RO type (extra output DOF) is not equivalent to the II
type (loss of input DOF). The interdependence of the singularity types is given by Table 1. Each
cell of the table denotes a combination of certain singularity types. Only the cells marked by
“Y” correspond to feasible combinations of singularity types. Thus, the singularity set of any
mechanism can be divided into up to 21 classes. Two singularities belong to the same class
when they belong to exactly the same singularity types.

Table 1. Possible combinations of singularity types

10
and
10 10 I 1
and and and and
I0 1 1M 1II 1IIM IIM IIM

RI Y

RO Y

RPM Y Y Y
RI and RO Y Y Y Y Y
RI and RPM Y Y Y
RO and RPM Y Y Y
RI and RO and RPM Y Y Y Y Y

The purpose of an exhaustive singularity analysis is to obtain not only the singularity set as a
whole, but also its partition into classes. Knowing the class of a singularity is of significant prac-
tical importance, since it determines how the instantaneous-kinematics properties of the mechan-
ism degenerate at this singularity.

2.3. Conditions for singularity

The singularity of a given configuration, q, can be determined by examining the matrix L(q)
of the velocity equation. Let L;, L, and L, be the submatrices of L obtained by removing the
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columns corresponding to the input, output, and both the input and output, respectively. Then,
the following general singularity condition holds:

Proposition

For any mechanism, a configuration, q, is non-singular if and only if both the matrices L,
and Ly are non-singular at q.

Proof

Let L, be the matrix formed by the columns of L, which correspond only to the output vel-
ocities, and L, be the matrix of the columns of the input velocities. Then, the velocity
Equation (1) can be rewritten as: L;T + L,Q“+L,Q"=0, or, in any of the following two forms:

T o
L][ Qp] = _LuQ ’ (2)
and
Q(l
L0|:Q/’:| =—-L;T 3)

From Equations (2) and (3), it is evident that all velocities can be expressed in terms of the out-
put (input) velocities if and only if L; (respectively Lo) is invertible. According to the definition
of singularity in Section 2.1 this proves the Proposition.

The conditions for the occurrence of the different singularity types are described by the fol-
lowing proposition:

Proposition
(1) q € {RI} <> rank Lo <rank L, +n
(ii) g€ {RO} < rank L;<rank L,+n,
(ii1) ge {RPM} <> rank L,<N —n,
(iv) g € {lI} < rank L,;<rank L,
) q € {I0} < rank Lp<rank L,
(vi) qe {lIM} «<>rank L < N,
(vii) qe {RO} or qe {RPM} < q e {lI} or qe {IIM} < L, is singular,
(vil) qe{RI} or ge {RPM} < q e {IO} or q € {IIM} « L, is singular.

Proof

(1) g < {RI} is equivalent to the existence of a Q“# 0 such that Equation (3) is satisfied
with a zero right-hand side. Letd, d <0, be defined by rank L,=N—n + 4. Then,
dim(Ker Lg) is exactly d, if and only if the left-hand side of (3) can be zero only for a
zero Q°. This proves (i), since rank L,+#n = N —d and rank L, =N — dim(Ker Ly).

(i1) Analogous to (i).

(iii) Follows directly from the definition of the RPM-type.

(iv) Equation (2) implies that q € {II} is equivalent to the existence of a vector v, which is in
Im L, but not in Im L, i.e. to Im L,—Im L;=@. Since Im L = Im L,+Im L; this in
turn is equivalent to Im L — Im L,;=@. i.e. rank L;<rank L.

(v) Analogous to (iv).
(vi) Follows directly from the definition of the ITM-type.
(vii) Follows from (ii), (ii1), (iv) and (vi).

(viii) Follows from (i), (iii), (v) and (vi).

2.4. Feasible configurations

A mechanism configuration, g, is an N-tuple of values of all joint parameters. For closed-loop
mechanisms not all such N-tuples correspond to feasible configurations. The configuration space
is given by the solution set of a system of non-linear equations, I(q) = 0, referred to as the loop
equations of the kinematic chain. Only (N — n) of the loop equations are independent, but the
dimensions of I{q) may be greater for some mechanisms.
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When attempting to find the singularities of a given mechanism, it must be assured that the
values obtained for q are compatible with the loop equations. If only parts of the configuration
space need to be considered, additional inequality constraints on the joint parameters are
imposed. The feasible set consistent with the joint constraints will be denoted by Q. Thus, the
set of feasible configuration is {qeQ | Kq) = 0}.

3. SINGULARITY IDENTIFICATION

When a feasible configuration, q, is given, the rank of the matrices L, Ly, L, and L are com-
puted and the type of singularity is determined by reviewing conditions (i)—(viii) listed in Section
2.3. However, to obtain the singularities of a mechanism, without considering all feasible q, the
conditions must be interpreted as systems of equations for q, and the singularity set and its sub-
sets be obtained as solutions of these equations. This process is described below.

3.1. Determination of the singularity set

For singularity identification of closed-loop mechanisms, the matrices L; and Lo play a role
analogous to the one of the Jacobian in the case of a serial chain. The singularities of a non-
redundant mechanism with known kinematic chain, link parameters and joint constraints, can
be determined by solving the following two systems of non-linear equations:

det L,(q) =0,
lq) =0, (4)
and
det Lo(q) =0,
liq) =0, (%)

subject to the joint constraints Q.

Therefore, the problem of singularity identification can be resolved by: (a) deriving the loop
equations; (b) obtaining the velocity equation; and, (c) solving Equations (4) and (5) and taking
the union of the two solutions.

For a non-redundant mechanism each of the two subsets of the singularity set, obtained by
Equations (4) and (5), is the solution of a system of (¥ —n + 1) equations. Therefore, the singu-
larity set will be typically of dimension (# — 1) or, equivalently, of co-dimension | in the n-
dimensional configuration space of the mechanism. Thus, mechanisms with mobility of 1 usually
have a finite number of isolated singularities, while for higher values of » the singularity set will
have oo ~ ' points.

Though the solution of Equations (4) and (5) identifies all singularities of a mechanism, it
does not classify them. In general, by using only matrices L; and Ly, it is not possible to classify
all the singularities of a mechanism. However, classification can be accomplished for some
mechanisms, and for some of the singularities of other mechanisms. Conditions (vii) and (viii)
imply that if for a given configuration L, is singular but L, is non-singular, the configuration is
a singularity of class (RO, II). Conversely, when a configuration satisfies condition (viii) but not
(vii) it must be of the (RI, 10) class. It is only when both L; and L are singular that conditions
other then (vii) and (viil) need to be considered. Singularities that satisfy both (vii) and (viii)
may have substantially different kinematic features, e.g. they may lead to either & loss or a gain
in output/input DOF. In fact, a configuration where both L; and L, are singular could belong
or not belong to any of the six singularity types.

3.2. Determination of the singularity types

On the basis of the above discussion, if it were known that there are no singularities of the
HIM or RPM types, the identification and classification process could be completed by examin-
ing only conditions (vi1) and (viii). The main strategy of the method described below is, thus, to
first identify and classify the IIM and RPM singularities and then analyze the remaining con-
figurations using the determinants of L; and L.
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As in Section 3.1, it is understood that the singularity equations are solved subject to the joint
constraints and the loop equations. To simplify the presentation, these operations are not expli-
citly included in the description of the algorithm. Below, {k} stands for “all configurations
obtained in Step k of the algorithm.”

(1) Find the feasible q satisfying condition (vi).
(2) Find all feasible q satisfying condition (iii).
(3) Classify {1} U {2}:

(3.1) For {1}, check (iv) and (v). Obtain 4 sets:
IIM; HIM&II; IIM&IO; [IM&II&IO.

(3.2) For {2}, check (i) and (ii). Obtain 4 sets:
RPM; RPM&RI; IIM&RO; RPM&RI&RO.

(3.3) Find all the intersections of each set in {3.1} and each set in {3.2}.
Obtain 10 classes. (These are the 10 classes that belong to the IIM and RPM types, see
Table 1).

(3.4) Subtract {2} from each set in {3.1}. Obtain 4 classes.

(The 4 classes of IIM, but nor RPM singularities, see Table 1).

(3.5) Subtract {1} from each set in {3.2}. Obtain 4 classes.

(The 4 classes of RPM, but not 1IM singularities, see Table 1).

{(4) Find all q satisfying condition (vii). From these subtract {1} U {2}.
(5) Find all q satisfying condition (viii). From these subtract {1} U {2}.
(6) Intersect {4} and {S}. Obtain 3 classes.

(Singularities that are neither IIM nor RPM).

Thus, the singularities that belong to each of the 21 classes in Table 1 are identified.

The operations in Steps (1) and (2) require the identification of the points x for which some
rectangular matrix M(x) is singular. This can be done by finding all x for which all sub-matrices
of maximum dimension have zero determinants, i.e. by solving a system of non-linear equation.
In Steps (3.1) and (3.2) it is required to find sets of the type R={x | rank A(x) < rank B(x)}.
This can be done by representing R as the union of the sets R;={x | rank A(x) < i <rank
B(x)}. The sets R, can be obtained by solving systems of equations.

It can be noted that, since the condition for RPM (or IIM) singularity requires the rank-de-
ficiency of a rectangular matrix, a larger number of equations must be satisfied and the dimen-

Fig. 1. A 2-DOF planar linkage.
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Fig. 2. A singular configuration of class (RPM, IO, I1).

sion of the solution set will be typically lower than the dimension of the singularity set as a
whole. In practice, IIM singularities occur only for mechanisms with specially proportioned link
parameters. RPM singularities, when they exist, form sets of low dimensions. The algorithm is
organized in such a way that the conditions for RI, RO, II and IO, which may involve the
examination of multiple cases, are solved only together with the conditions for IIM (RPM), i.e.
for a comparatively small subset of singularities.

3.3. Example

Consider the mechanism shown in Fig. 1 (N = 8, » = 2). The inputs are the joint velocities at
A and E, the output is the motion of point G. The link dimensions are 4B = AD =
BC=DE=1,CD=FG=2,CG = 1.5, EF = 3. The 8§ x 10 L matrix is:

l: 0 MgG 0 0 0 0 0 mrg
L=[{O Sy, 0 Sz S¢c Sp 0 0 0 (6)
O 0 S 0 0 Sp Sc S¢ S

where Sp, P = A, B, ..., G, are 3-dimensional planar screws, Sp=(1, yp, —xp) T mp; =(yp—VeG»
xg—xp) 1, and I, is the 2 x 2 unit matrix. To find all the singularities and establish their types,
the procedure described in Section 3.2 is followed:

1. Check for IIM singularities. For the given mechanism, it is established that condition (vi1) has
no solution compatible with the given link lengths.

2. Check for RPM singularities. The condition (iii) is satisfied only when the determinants of
both [ SpSeSp] and [ S¢SSp] vanish. This gives eight distinct singular configurations (one of
them is shown in Fig. 2)

3. (3.2) For each of the eighth configurations in {2}, conditions (i) and (ii) are checked and it is
found that neither is satisfied.

(3.5) It is concluded that the (RPM, 10, II) class consists of the eight elements of {2}.

(4) Condition (vii) is applied. (vii) is equivalent to the singularity of at least one of the
matrices [ SpSSp] or [ S¢SsSy. The solution of each of these equations (combined with the
loop equations) is a 1-dimensional submanifold of the 2-dimensional configuration space. The
first manifold has four connected components, and the second one has three components. All
elements of the union of these manifolds, except the eight elements of {2} found in Step 2, are
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Fig. 3. A singular configuration of class (RO, II).

of the (RO, II) class. One such singularity is shown in Fig. 3. The corresponding connected
component is obtained by moving the linkage while keeping the joint angle at G constant.

(5) The condition (viii) is applied. (viii) is equivalent to the singularity of at least one of the
matrices [ S4SgSc], [ S6ScSp] or [ SeSGSy]. The solution for each of these equations (combined
with the loop equations) is a l-dimensional submanifold of the 2-dimensional configuration
space. The first and third manifolds have each two connected components, while the second one
has four. All elements of the union of these manifolds, excepr the eight elements of {2}, belong
to the (RI, I0) class. Figure 4 provides an example. The connected component corresponding to
the shown configuration is obtained by moving the linkage while keeping the points B and C
fixed.

(6) The intersection of the sets obtained in Steps 4 and 5 consists of 16 configurations. Apart
from the eight configurations classified in Step 3.5 as (RPM & Il and 10)-singularities, the
others are (RI, RO, IO, Il)-class singularities. The remaining configurations obtained in Step 4/5
belong to the class (RO, II)/(RI, 10).

Thus, four different classes of singularities are obtained for the given mechanism: eight
(RPM, IL, IO) singularities, Step (3.5); eight (RI, RO, 10, II) singularities, Step (6); oc' (RO, II)
configurations, Steps (4) and (6); and oo’ (Ri, IO) configurations, Steps (5) and (6).

4. MECHANISMS WITH HIGH-DIMENSIONAL SINGULARITY SETS

Once the loop equations and the velocity equation of a mechanism are derived, the methods
described in Section 3 reduce the problem of singularity identification and classification to the
solutions of systems of algebraic equations. However, since these are systems of non-linear
equations with multiple unknowns, their symbolic solution, if it exists, may be non-trivial.
Numerical methods, on the other hand, may be computationally expensive, especially when the
mobility of the mechanism is higher than 1, in which case the solution sets are manifolds rather
than finite sets.

This section addresses the application of the proposed method to complex mechanism with
high-dimensional singularity sets. Two methods for the simplification of this process are dis-
cussed and, as an illustration, the comprehensive singularity identification and classification of a
6-DOF multi-loop mechanism is performed.

4.1. Geometrical solution of the singularity conditions

Geometrical considerations can be used to simplify the solution of the singularity conditions.
Since the velocity equation is composed of screw equalities, conditions (i)—(viii), which require
the rank-deficiency of different submatrices of the velocity equation, are equivalent to conditions
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A 2~ p 7 E

Fig. 4. A singular configuration of class (RI, 10).

of linear dependence of certain joint screws. Instead of attempting to analytically solve the non-
linear equations, obtained from the vanishing of different determinants, one can find geometrical
conditions for the linear dependence of the columns of the corresponding matrices. For instance,
in Step (2) of the example in Section 3.3. the singularity of the matrix 1, is equivalent to the lin-
ear dependence of the last six columns of the matrix given in Equation (6). However, it can be
seen that if a non-trivial linear combination of these 8-dimensional column vectors equals zero.
then both sets of screws {Sg, Sc, Sp} and { S, Sp, Sg} must be linearly dependent. (Indeed,
since mg; is never zero, the coeflicient of the last column must be zero. Moreover, since Sg is
always different from S, the coeflicients of three columns preceding the last one (columns 7, 8,
9, of L in (6)) are not all zero. This implies that { S¢, Sp, S} are linearly dependent. From the
properties of planar screws it then follows that an RPM-type singularity of the mechanism
shown in Fig. 1 occurs when both sets of points {B, C, D} and {C, D, G} are colinear (Fig. 2).

Thus, using screw theory, the singularity conditions can be interpreted as geometric criteria,
as illustrated by the example analysed later in Section 5. It should be noted that, such a screw
theory based approach provides a better geometrical insight into the problem of singularity
identification, and it is not dependent on the specific values of the link parameters. This allows
the study of singularities that occur for a given kinematic chain regardless of the values of the
link parameters.

4.2. Simplification of the velocity equation

For complex mechanisms with many loops, the dimension of the velocity equation can be
quite large. Sometimes, the velocity equation can be simplified by eliminating some of the pas-
sive velocities and the resulting equation can be used for singularity and velocity analysis. It is
important, however, to ensure that the resulting equation is a necessary and sufficient condition
for the feasibility of the remaining velocities.

Let € be a vector with components (N — k) of the passive-joint velocities of the mechanisms
and M=[T", Q“", 3”"]. Also, let the (N — k) x (N — k + n) matrix L(q) be a continuous function
of q. Let L;, Ly and L, be submatrices of L, defined in the same way as L;, Lo and L, were
defined as submatrices of L in Section 2. The following proposition can be then proven:

Proposition
Suppose that, for every q, the equation: L(q)M =0, is a necessary and sufficient condition for
the feasibility of the velocities M. Then, all singularity conditions derived in Section 3 remain
true when the matrix L(q) is used instead of L(q).
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Fig. 5. A 6-DOF hybrid-chain manipulator.

The requirements of the above proposition are satisfied when the eliminated k passive vel-
ocities can be obtained in a unique way from the remaining velocities at any configuration.
Later, in Section S (Section 5.2) the process of partial elimination of the passive screws and the
dertvation of simplified singularity conditions will be illustrated by an example.

The elimination of passive velocities may be executed by algebraic manipulations of the vel-
ocity equation or geometrically, by using reciprocal screws. Reciprocal screws have been used
by different authors to obtain input-output velocity equations of parallel and hybrid-chain
manipulators[5], [13-15]. A similar approach can be used for general closed-loop mechanisms;
by multiplying the twist equation for each loop by one or more reciprocal screws part of the
passive velocities are eliminated. However, if the reciprocal screws are not chosen in a correct
way, the resulting equation may no longer be a necessary and sufficient condition and would
not be suitable for singularity analysis [15].

5. EXAMPLE
5.1. The mechanism

To illustrate the above techniques, herein, the singularities of the mechanism shown in Fig. 5
are identified. This is a 6-DOF platform manipulator with an asymmetric distribution of the
actuated joints (first described in[16]). The output link (the end-effector) is the moving platform
ABC, the six input joints are: the first three Joints of sub-chain A4, the second and third joint in
subchain B and third joint in subchain C. The base A,B,C, and the moving platform are equi-
lateral triangles with sides 4B = AoB,=a. The two non-zero links in each serial subchain have
the same length, /. It is assumed that 2 //v/3<a < 2/.
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The velocity equation, obtained using the method outlined in Section 2, is:
| PR S ¢ ) 0 ~J;,‘ 0] 0] T

o J -3 o Jy -¥ o ||¥|=0 )
o o J¥ - o J _y°|L¥

where, for each P, (P = A, B, C) ” is a matrix which has as its columns the active joint screws
in the serial sub-chain, while J,, is composed of the passwe SCTEWS 1n the sub-chain. The output
is the twist of the moving platform, the input, Q“=[wf, wi, wf, vf, ¥ wf], is composed of
the six active-joint velocities, and € is the vector of the passive velocities. (The spherical joints
are modelled by three linearly-independent rotations through their centers). The first six scalar
equations in (7) are the output equation, while the remaining 12 equations are given by two
loop-closure twist equations. The only restriction imposed on the joint parameters is the con-
dition of noninterference of the different links. In particular, those configurations for which a
leg is folded (i,e, where P = P,) will be considered as impossible to achieve.

5.2. Simplification of the singularity conditions
Following the guidelines from Section 4.2, Equation (7) can be simplified by eliminating some
of the passive-joint velocities. First, we observe that (7) is equivalent to the system of equations:

6
T=) S/w/ P=4, B, C (8)
i=1
(systems of this type are commonly used in the literature to describe the velocity kinematics of
parallel manipulators).

Each of the three twist equations in (8) can be multiplied (via the so-called reciprocal scalar
product) by a screw, R, to obtain a scalar equation. If R is chosen to be always orthogonal (i.e.
reciprocal) to one or more joint screws, then the corresponding joint variables will be eliminated
from the resulting equations. If a sufficient number of such reciprocal screws can be found, a
new system with a smaller number of variables will be obtained. As it was pointed out in
Section 2.3, to be suitable for singularity identification, the new system must be equivalent to
the old one and the values of the eliminated variables must be uniquely determined for each set
of values of the remaining variables. In the case of System (8), this can be ensured only if the
joint screws of the eliminated velocities in each one sub-chain are linearly independent.
Therefore, all passive-joint velocities could be eliminated only if the matrices J,f were of maxi-
mum rank for all P and for all q. This, however, is not true, since for some configurations the
passive-joint screws in subchains B and C can become linearly dependent. For example, when-
ever point B lies on the screw axis Sf, the rank of Jf is 3 rather than 4. Therefore, it is imposs-
ible to properly eliminate all four passive velocities in this subchain. Indeed, if we assume that
all other velocities are known, w? could still have any value, and thus the values of the passive-
joint velocities in sub-chain B could not be determined in a unique way.

On the other hand, since the three joint screws corresponding to each spherical joint are always
linearly independent, the corresponding nine passive velocities can be safely eliminated. This is
done by multiplying each of the three screw equations in (8) by the screw “annihilator” of the
spherical joint[14]. In other words, we take the reciprocal product of equation P with three linearly
independent screws, all reciprocal to joint-screws SY, S and SZ. Therefore, these three screws
must be linearly independent rotations with axes through P. It is convenient to choose these axes
parallel to the axes of the reference frame. Then, in a coordinate system with origin at A and axes
parallel to those of the base frame the following system, LM = O, is obtained:

oL -M) O 0 0 o T
b L o -M% o -mf O Q| =0. 9
%I O o —mf 0 -M§ ¥

in Equatlon (9), m! is the moment of the screw S with respect to point P, while M,, is the matrix
[m?, m ...} For a 3-dimensional vector v, ¥ denotes the skew-symmetric matrix with the prop-
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Table 2. Possible singularity classes for the 6-DOF mechanism shown in Fig. 5
10
and
10 10 11 11
and and and and
n 11 1IM 1M 1M iIM
RI
RO YES
Step 6
Figs 11 and 12
RI and RO YES NO YES NO NO
Step 6 Step 3.1 Step 3.4 Step 3.1 Step 3.4
Fig. 8
RPM YES NO YES
Step 3.5 Step 3.1 Step 3.3
Fig. 7+ Fig. 7
RI and RPM YES YES YES
Step 3.5 Step 3.3 Step 3.3
Fig. 6t Fig. 71 Fig. 6
RO and RPM YES NO YES
Step 3.5 Step 3.1 Step 3.3
Fig. 10} Fig. 10
RI and RO and RPM YES NO NO NO YES
Step 3.5 Step 3.1 Step 3.3 Step 3.1 Step 3.3
Fig. 9% Fig. 9

1 A representative of this class is obtained by a small variation of the configuration in the figure.
1 A representative of this class is obtained by a re-labelling of the figure

erty: v x w=7¥w, for any vector w. The vector b is parallel to AB and ¢ is parallel to AC. Only three
of the passive joint velocities remain in (9), & =[w?, o}, w$]".

According to the Proposition in Section 2.3, Equation (9) can be used in the same way as (5)
or (8) for singularity identification. Note that, using the above technique one can easily obtain
equations analogous to (7) for any hybrid-chain manipulator with passive spherical joints at the
moving platform.

Several simplified matrices can be introduced and used for the calculation of the ranks of L,
Lo, L,and L (or L;, Lo, L, and L).

From Equation (7) it can be deduced that rank L = rank L +6 (and, therefore, rank L=rank
L. — 3), where L is the 12 x 18 matrix,

:_[3* —3* o
L:[O JB _JC:lv (10)

Above, J7 are the 6 x 6 sub-chain Jacobians.
From Equation (9), it follows that rank I:,,:rank ﬁ,,, where I:,, 1s the 6 x 6 matrix,

s [mf 0 0
L,= [ 0 mS mC:|' (11
Also from (9), the rank of L can be expressed by the matrix L,
b m? 0 o
L= [5 0 m mC:l’ (12)

for which: rank L;=rank L,+3
Finally, rank Lo =rank Lo, where L, is obtained by rearranging the columns of L,

Lo = diag(Mz);, MP,;, M) (13)
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Fig. 6. A singular configuration of class (RPM, RI, 1IM, II, 10).

Thus, the conditions from Section 2.3 can be expressed for the mechanism in Fig. 5 in terms of
the matrices from Equations (10)—(13) as follows:

(1) q € {RIl} < rank Lo <rank L,,+ 6,

(ii) q € {RO} < rank L;<rank L,+3,

(iii) qe {RPM} < rank L,<3.

(iv) q e {II} <> rank L;<rank L—6,

(v) q € {10} < rank L, <rank -3,

(vi) q e {IIM} < rank L<12,

(vii) q € {RO} or qe {RPM} <> q € {Il} or q e {IIM}<>L, is singular,
(vii1) qe {RI} or ge {RPM} < q€e {lIO} or q€ {IIM}of,O is singular.

5.3. Identification and classification of the mechanism’s singularities

5.3.1. Summary. We apply the identification algorithm from Section 3.2 to the mechanism in
Fig. 5 using conditions (i)—(viii) listed above in Section 5.2. At each step, the conditions are
resolved through geometric analysis of the screws composing the corresponding matrices. The
singularities obtained are summarized in Table 2. In the table, for each singularity class, it is
denoted whether the class is non-empty (YES) or empty (NO), the steps in which the singular-
ities of the class are obtained (or it is proven that the class is empty), and the figure that shows
a representative configuration of the class.

It is determined that the mechanism has singularities belonging to 13 different singularity
classes. Seven figures (Figs 6—-12) illustrate the singularities of the mechanism. Except for Figs 11
and 12, which represent the same (RO, II) singularity class, the figures depict configurations
belonging to different singularity classes. One figure (Fig. 7) is used to illustrate two singularity
classes after a re-labelling of the sub-chains (Step 3.3). Four figures (Figs 6, 7. 9 and 10) can il-
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Fig. 7. A singular configuration of class (RPM, 1M, 11, 10).

lustrate four additional classes if a small perturbation in the depicted configuration is performed
(Step 3.5). The remaining two classes, which are not directly illustrated by figures, consist of
singularities that are comparatively easy to describe and envision (Step 6).

Fig. 8. A singular configuration of class (RI, RO, 10, [IM).
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Fig. 9. A singular configuration of class (RPM, RL. RO, 10, 1I, IIM).

5.3.2. The identification procedure. Below, the steps of the identification procedure are detailed.
1. HHM-type singularities

For an IIM-type singularity, the matrix I. must be rank-deficient. A necessary and sufficient
condition for this is the existence of a row vector [(TTA) T, (IIC) '], which is in the kernel of L'
(TTA is the screw A with its rotational and translational parts interchanged). Equivalently, there
must exist screws A and C reciprocal to all the columns of, respectively, J* and JC, while A - C
is reciprocal to the columns of J®. This condition is quite restrictive and for generic values of
the link parameters no IIM-type configurations exist. In the present example, however, the
special choice of congruent triangles for the base and moving platforms assures the existence of
such singularities.

Careful geometrical analysis reveals that the set of IIM-type configurations consists of two
non-interesting components.

The first component has co® configurations, and one of them is shown in Fig. 6. In this con-
figuration, the points P are on the S? axes and the three axes 87 intersect in one point, D. The
oo® configurations can be obtained by varying the elevation of the moving platform and moving
the intersection point, D, in the base plane (D can also be at infinity). Several 2-dimensional
manifolds of IIM-type singularities are attached to the 3-dimensional set. One of these can be
obtained from the configuration shown in Fig. 7 by rotating the moving platform about the line
BC (and varying the elevation of points B and C).

The second component is 1-dimensional and consists of configurations like the one in Fig. 8,
where the three supporting legs are fully extended and the two platforms are in the same plane.

(2) RPM-type singularities )

From Equation (11) it is evident that l:,, is singular only when either m? or m{ are zero, i.e.
when either B or C are on the axis of the first-joint screw of the corresponding subchain. Each
of these two conditions corresponds to a set of oo’ configurations. They intersect in a 4-dimen-
sional set.
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A

Fig. 10. A singular configuration of class (RPM, RO, IIM, 11, 10).

(3) Classification of {1} U {2}

(3.1) It can be observed that in all existing singularities of {1} the rank of L decreases by only
one, while the rank of Lo decreases by at least two. Therefore, {1} is a subset of the IO type.
Therefore, the four classes belonging to the IIM-type but not the IO-type are empty.

From condition (iv), it follows that an element of {1} is an II-type singularity if and only if
the 6 x 6 matrix L; has a null-space dimension of at least two. Next, we check whether this con-
dition is satisfied for the different IIM-type singularities as determined in Step (1).

For all the oo® configurations of the type shown in Fig. 6, where for all three serial subchains
point P is on the S axis, the condition is satisfied since m? and m§ are zero vectors.

For the IIM-type configurations with three extended legs (as in Fig. 8) the condition is not
satisfied.

If only two subchains are singular (similar to Fig. 7), the condition is always satisfied when
the singular subchains are B and C (as in the figure). When, however, one of the singular sub-
chains is A4, then, generally, the matrix A is of rank 5. There are two exceptions. The first is rep-
resented in Fig. 9, where the singular subchains are 4 and B and additionally the point C, lies
in the plane ABC. The second exception is shown in Fig. 10, where not only points B and C are
located on screws S? and S, but also point A lies in the (vertical) plane defined by the two
screws. Each of Figs 9 and 10 represents, in fact co' configurations, since the elevation of point
A can vary.

Thus, the set of singularities belonging to the IIM, 10 and II types consists of a main 3-
dimensional set (Fig. 6), a 2-dimensional set (Fig. 7) and two 1-dimensional sets (Figs 9 and 10).
The set of singularities in the IIM and 1O types has two 2-dimensional components (similar to
Fig. 7. with subchain 4 as one of the singular ones) and a 1-dimensional component (Fig. 8).

(3.2) According to condition (i) and Equation (13), a configuration is an RI-type singularity if
and only if at least one of the following conditions is satisfied: either the subchain A is singular
(in any way); or subchain B is fully extended; or subchain C is fully extended.
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Fig. 11. A singular configuration of class (RO, II).

Condition (ii) and Equation (12) imply that an RPM-singularity is also of the RO-type in the
following three cases:

(a) When C is on the S{ axis and the plane ABC is perpendicular to m§ (Fig. 10 is an example,
though subchain B need not be singular).

(b) When C is on the S§ axis while point B is not on the S¥ axis, and b.Lm?.

(c) When B is on the S# axis, while point C is not on the S¢ axis, and the point C, lies in the
plane ABC (Fig. 9, though subchain 4 need not be singular).

Thus, four sets are obtained: oc® RPM-type singularities, co* RPM and Rl-type singularities,
oo* RPM and RO-type singularities and RPM, RI and RO-type singularities.

(3.3) The intersections of the subsets of {3.1} and {3.2} give the 10 singularity classes (Table 2)
of configurations that are both IIM and RPM. Of these, only five classes are non-empty for the
mechanism under consideration:

(a) (IIM, 10, RPM, RI) has oc® configurations with two singular subchains similarly to Fig. 7,
but subchain A must be one of the singular subchains.

When the two singular subchains are 4 and B, point C, should not lie in the plane ABC (i.e.
unlike Fig. 10). Alternatively, if the singular subchains are 4 and C, then the plane 4BC should
not contain C, and A,,.

(b) (IIM, I0, I, RPM) has oo? configurations as in Fig. 7. The singular subchains must be B
and C. The plane ABC must not contain C, and B, (unlike Fig. 10).

(¢) (IIM, IO, 11, RPM. RI) has oo® configurations with three singular subchains as in Fig. 6.

(d) (1M, 10, II, RPM, RO) has oo' configurations like the one depicted in Fig. 10. The mov-
ing plane ABC contains the points C, and B, and the subchains B and C are singular in the
same way as in Fig. 7.

(e) (IIM, 10, 11, RPM, RI, RO) has co' configurations in two 1-dimensional sets. The first is
represented by the configuration in Fig. 9. It is similar to Fig. 7 with singular subchains 4 and
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B

Fig. 12. A singular configuration of class (RO, II).

B, but point C, is in the plane ABC, allowing for a RO-singularity. The second set is similar to
the configuration in Fig. 9, however, the non-singular subchain must be B rather than A.

(3.4) Only one of the four classes of IIM but not RPM singularities is non-empty:

(IIM, 10, RI, RO) consists of oo’ configurations as in Fig. 8.

(3.5) All of the four RPM but not IIM classes are non-empty.

(RPM, II, 10) has oo’ configurations. An example for this class can be obtained from the
configuration in Fig. 7 by an arbitrarily small perturbation of the subchain C while subchains A4
and B remain fixed.

(RPM, RI, II, 10) has oo configurations and can be illustrated by a variation of Fig. 6
obtained by maintaining the depicted position of the subchains 4 and B and slightly perturbing
subchain C.

(RPM, RO, II, I0) has oo® configurations. An example is obtained from the configuration in
Fig. 10 by a small rotation of subchain C about S¥.

(RPM, RI, RO, II, 10) has oo’ configurations and a representative can be obtained from
Fig. 9 by a small rotation of subchain C about S

(4) RO- and H-type singularities

There are oo’ configurations that are of the RO and I types but are not 1IM nor RPM-singu-
larities. From Equation (12), the conditions for RO-type singularity are:

(a) Either C, must be in the plane ABC (Fig. 11), or
(b) The point 4 must be in the plane of subchain B (Fig. 12), i.e. bLlm?.

(5) RI- and 10-type singularities
There are oc® configurations which satisfy (viii) without being RPM or IIM-type. In these
configurations the subchain A is singular or one of the other two serial chains is fully extended.
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(6) Classification of {4} U {5}

The last three singularity classes are obtained as the intersection and differences of {4} and
{5}. (RI, I0) and (RO, I} have oo” configurations, while (RI, RO, 10, II) is of dimension 4.

Thus, for the mechanism considered in this example there are 13 different classes of singular-
ities. The remaining eight classes are empty.

6. CONCLUSIONS

It has been shown that the singularities of a general non-redundant mechanism form a set
which is divided into 21 singularity classes. Singularities from the same class belong to exactly
the same combination of the six fundamental singularity types. On the basis of a velocity-
equation formulation of mechanism singularity, this paper establishes the necessary and suffi-
cient conditions for the occurrence of singularities from each of the six singularity types. By
employing the obtained singularity criteria, all singular configurations of an arbitrary non-
redundant mechanism can be identified and classified. This can be achieved via a procedure,
described in the paper, which reveals step by step the structure of the singularity set of the
mechanism. The configurations belonging to each of the singularity classes are obtained as sol-
ution sets of non-linear algebraic equations. Algebraic and geometric techniques for finding
these solution sets are proposed. As a comprehensive example, a 6-DOF hybrid-chain manipula-
tor with asymmetrical distribution of the input joints and a complex singularity set is studied.
Through careful geometric and algebraic analysis, the structure of the singularity set is revealed
and configurations from all singularity classes are described and illustrated.

Acknowledgements—-The financial support of the Natural Sciences and Engineering Research Council of Canada is grate-
fully acknowledged.

REFERENCES

. Hunt, K. H., Robotica, 1986, 4, 171.

. Wang, S. L. and Waldron, K. J.. Trans. of the ASME, J. of Mech. Trans. and Aut. in Design, 1987, 109, 14.

. Burdick, J. W., IEEE Int. Conf. on Robotics and Automation, 1992, 1, 448.

. Agrawal, S. K., IEEFE Int. Conf. on Robotics and Automation, 1990, 1, 104.

Kumar, V., Trans. of the ASME. J. of Mechanical Design, 1992, 114, 349,

. Merlet, J-P., Int. J. of Robotics Res., 1989, 8, 45.

. Sugimoto, K., Duffy, J. and Hunt, K. H., Mcch. and Mach. Theory, 1982, 17, 119,

. Hunt, K. H., in Kinematic Geometry of Mechanisms. Clarendon Press, 1978.

. Gosselin, C. and Angeles, J., [EEE, Trans. on Robotics and Automation, 1990, 6, 281.

10. Zlatanov, D., Fenton, R. G. and Benhabib, B., IEEE, Int. Conf. on Robotics and Automation, 1994, 2, 986.

I1. Zlatanov, D., Fenton, R. G. and Benhabib, B., /EEE, Int. Conf. on Robotics and Automation, 1994, 2, 980.

12. Davies, T. H.. Mech. and Mach. Theory, 1981, 16, 171.

13. Angeles, )., in Computer-Aided Analysis of Rigid and Flexible Mechanical Systems, 379, ed. Pereira and Ambrosio.
Kluwer Academic Publishers, 1994.

14. Etamadi-Zanganeh, K. and Angeles, J. ASME, 23rd Mechanisms Conf., 1994, DE-72, 271-277.

15. Zlatanov, D., Fenton, R. G. and Benhabib, B., ASME, 23rd Mechanisms Conf., 1994, DE-T2, 467-476.

16. Zlatanov. D., Fenton, R. G. and Benhabib, B., ASME, 22nd Mechanisms Conf., 1992, DE-72, 529-536.



