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FIG. 4. (Color online) Cross-plane thin film thermal conductivity normal-
ized by the bulk value. We consider phonons from the full Brillouin-zone
(squares) and the isotropic approximation (circles). The cross-plane thermal
conductivity found using the Matthiessen rule (solid line) and a simplified
model (dashed line, see Sec. Il C) are also plotted. [A] corresponds to Ref.
20.

ics techniques.31 Experimental cross-plane thermal conduc-
tivity measurements for silicon thin films are not available.

As shown in Fig. 4, the thermal conductivity increases
monotonically to the bulk value as the system length in-
creases. We take the full Brillouin-zone LBM predictions to
be the most accurate, as this method makes the least assump-
tions regarding the nature of phonon transport. We will use
the full Brillouin-zone results to assess the suitability of the
simplified models described in Secs. III B-III D.

The per-phonon mode thermal conductivity contribution
for bulk SW silicon and the 17.4 nm thin film are plotted
versus the bulk MFP in Fig. 5(a). Similar plots for larger film
thicknesses show a smooth transition to the bulk behavior.
Since our model systems contain no defects, no free elec-
trons, and no internal interfaces, the large MFPs presented in
Fig. 5(a) are not surprising. A real silicon sample, which
includes these additional phonon scattering mechanisms, will
have smaller MFPs and the thin film thermal conductivity
would approach the bulk value at a smaller length scale than
observed in Fig. 4. For bulk SW silicon at a temperature of
300 K, phonons with MFPs larger than 1 wm contribute
449 of the total thermal conductivity. This value is consis-
tent with that found by Henry and Chen,”® who used MD

TABLE 1. Thermal conductivity predictions for bulk SW silicon and thin
films (cross-plane direction) at a temperature of 300 K.

Thermal conductivity, k,

(W/m K)

Length, Full

L, Brillouin- Isotropic Gray Matthiessen
(nm) zone approximation  approximation rule
17.4 10.5 8.5 14.4 104
100 67.9 53.1 115 67.8
1000 236 180 407 235
5000 419 334 553 418
Bulk 574 489 N/A N/A
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FIG. 5. (Color online) (a) Cross-plane thermal conductivity contribution
dependence on the bulk phonon MFP. The MFPs for each mode are sorted
using a histogram with a bin width of 2 nm. The thermal conductivity
contribution is normalized by the total value. (b) Thermal conductivity con-
tribution dependence on frequency for bulk and for 556 and 34.8 nm thin
films. The area under each curve is proportional to the total thermal conduc-
tivity. The in-plane data are from Ref. 5.

simulation and normal mode analysis&9 to predict their pho-
non properties. As the film thickness is reduced, boundary
scattering becomes important and the effective MFPs of
these modes are reduced to the system size and they contrib-
ute less to thermal conductivity.

The frequency-dependent contribution to the thermal
conductivity of bulk SW silicon and the cross-plane and in-
plane orientations for the 556 and 34.8 nm thin films is plot-
ted in Fig. 5(b).** The area under each curve is proportional
to the total thermal conductivity. For bulk SW silicon, the
thermal conductivity is dominated by large-MFP acoustic
phonons with frequencies less than 2 THz, where the slopes
of the dispersion curves are the steepest [corresponding to
large group velocities, see Fig. 3(a)] and the relaxation times
are large [see Fig. 3(b)].

The in-plane thermal conductivity is higher than the
cross-plane value for all film thicknesses. The phonons that
travel parallel (or close to parallel) to the system boundaries
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contribute significantly to the in-plane thermal conductivity
and are not hindered (or only slightly hindered) by the sys-
tem boundaries. Therefore, the large-MFP phonons with fre-
quencies less than 2 THz that dominate the bulk thermal
conductivity also dominate the in-plane thermal conductivity.
The phonons traveling perpendicular (or close to perpendicu-
lar) to the system boundaries, however, are significantly im-
peded by the boundaries and thus have reduced cross-plane
MFPs. Therefore, the cross-plane thermal conductivity is
lower than the in-plane value. Since the cross-plane MFPs
are reduced to the system length, the phonons with frequen-
cies less than 2 THz do not contribute significantly to ther-
mal transport because they have a small density of states.”
The cross-plane thermal conductivity is thus dominated by
midfrequency phonons, which, while having smaller bulk
MFPs, have a large density of states.

It is often assumed that optical phonons (w>12 THz for
SW silicon) do not contribute significantly to bulk thermal
conductivity due to their small MFPs. We find that optical
phonons contribute 3.5% to the thermal conductivity of bulk
SW silicon. Neglecting their thermal conductivity contribu-
tion is therefore not unreasonable, although their effect on
scattering must be included in the calculation of 7,_,(x,v)
(Ref. 24). As the film thickness is reduced, however, the
relative contribution of these small MFP modes increases.
For the smallest film investigated (L,=17.4 nm), optical
modes contribute 22.5% to the cross-plane thermal conduc-
tivity. For the in-plane orientation, the increase is not as sig-
nificant (a maximum contribution of 8% for the 17.4 nm
film).

B. Isotropic approximation

To simplify the prediction of thermal conductivity, it is
convenient to assume that the material of interest is isotropic
(i.e., the crystal is uniform in all directions). The bulk ther-
mal conductivity calculated using the isotropic approxima-
tion and the phonon properties along the [001] direction is
489 W/m K, which is within 15% of the bulk thermal con-
ductivity predicted using all of the phonons in the Brillouin-
zone, 574 W/m K. To understand this reasonable agree-
ment, given the reduction in LBM computational cost (by
three orders of magnitude), consider the dispersion data and
relaxation times plotted in Figs. 3(a) and 3(b). The frequen-
cies show a strong isotropic trend near the Brillouin-zone
center. The group velocities, which are the derivatives of the
frequencies with respect to the wave vector magnitudes, will
also exhibit a similar trend. The relaxation times are also
reasonably isotropic in nature (i.e., a function of frequency
only) and near the Brillouin-zone center, they collapse onto a
single curve that is well represented by the 7=A/ ? relation-
ship proposed by Callaway.36 Since bulk thermal conductiv-
ity is dominated by phonons that are located near the
Brillouin-zone center [see Fig. 5(b)], it is not surprising that
the isotropic approximation is reasonable for bulk SW sili-
con.

The suitability of the isotropic approximation for bulk
SW silicon contrasts the behavior of Lennard—Jones (LJ) ar-
gon, where Turney et al.” found, using MD simulation and
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normal mode analysis, that the isotropic approximation
under-predicts the bulk thermal conductivity by a factor of
1.5 at a temperature of 40 K (about half the LJ argon melting
temperature). They explain their finding by noting that the
largest contribution to LJ argon bulk thermal conductivity
comes from phonons around half of the maximum frequency,
where group velocities in the [001] direction are not repre-
sentative of the entire Brillouin-zone.

When the LBM is used to evaluate the cross-plane thin
film thermal conductivities, the difference between the iso-
tropic and full Brillouin-zone predictions increases from
15% for a bulk system to 25% for the 17.4 nm film. As the
film thickness is reduced, the contribution of the higher fre-
quency modes becomes increasingly important [see Fig.
5(b)]. Because the group velocities corresponding to the full
Brillouin-zone deviate from the [001] behavior for these
phonons [see Fig. 3(a)], the isotropic approximation becomes
increasingly less accurate as film thickness is reduced.

C. Simplified model based on the Gray approximation

Previous works have used models based on an averaged,
single bulk MFP, Ag,y, (i.e., the Gray approximation) for
predicting the thermal conductivity reduction in thin
films.2*’ Using our lattice dynamics results, we compute
Agy from

& (13)
Evzkcph(", V)|Ug,z(K, V)| ,

ABulk =

giving 246 nm for SW silicon at a temperature of 300 K. In
Fig. 4 we use this value in a simplified model developed by
Majumdar,20

Kgiim _ 1
kpux 1 +4Agy/3L,

(14)

to predict the cross-plane thermal conductivity. This model,
which was developed using the equation of phonon radiative
transfer and diffuse boundary conditions, does not capture
the correct convergence to the bulk thermal conductivity and
over-predicts the full Brillouin-zone values (by as much as
81% at L,=500 nm). Turney et al’ report that similar mod-
els developed for the in-plane direction”™” also do not accu-
rately capture the thermal conductivity reduction. For con-
fined thin films, Landry and McGaughey35 found that a
single MFP cannot be used to describe the cross-plane pho-
non transport.

D. Boundary scattering and the Matthiessen rule

To include boundary scattering in thermal conductivity
predictions using Eq. (7), we use the Matthiessen rule. The
Matthiessen rule combines the relaxation times of different
scattering mechanisms by assuming them to be independent.
This assumption was shown by Turney et al. to introduce at
most 12% error for in-plane phonon transport.5 We use the
Matthiessen rule to combine the phonon-boundary scattering
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relaxation times, 7,(#¢c, v), with the intrinsic phonon-phonon
relaxation times obtained from lattice dynamics calculations,
7,_,(K, V), to give an effective relaxation time, 7y(sc,v)
(Refs. 12 and 22)

1 1 1

(s, v) - Tp_p(K, V) " (1, V)

(15)

We take the boundary scattering relaxation time to be equal
to the average time between boundary scattering events in
the absence of intrinsic scattering, i.e.,s’38

LZ’

T — 6
2|vg’z(l(, v)| (16)

7, v) =

In Fig. 4 and Table I, the cross-plane thermal conductivi-
ties predicted using Eq. (7) with Egs. (15) and (16) are pre-
sented with the results obtained using the LBM. In the LBM,
the phonon-phonon scattering and phonon-boundary scatter-
ing are treated independently. Since the Matthiessen rule also
assumes that the scattering mechanisms are independent,
agreement between the two methods is expected, provided
that the boundary scattering is correctly modeled. The agree-
ment with the LBM (within 1% for all film thicknesses) sug-
gests that Eq. (16) is appropriate for modeling diffuse bound-
aries.

Using the lattice dynamics-predicted phonon properties
to calculate the cross-plane thermal conductivity with the
Matthiessen rule and Eq. (7) is less computationally expen-
sive than using the LBM procedure (i.e., seconds to generate
a solution for a 5 wm film compared to days for the LBM).
Thus, if only the thermal conductivity is required, we suggest
using the Matthiessen rule and Eq. (7). However, if the oc-
cupation numbers or the temperature profile are required, the
LBM procedure should be used.

IV. SUMMARY

We used a hierarchical method that considers all of the
phonons in the first Brillouin-zone to predict the cross-plane
thermal conductivity of SW silicon thin films. We analyzed
the in-plane orientation in a previous report5 and find that the
cross-plane thermal conductivity is less than the in-plane
value for all film thicknesses. Our cross-plane thin film ther-
mal conductivity predictions are in excellent agreement with
those predicted using the Matthiessen rule to incorporate
boundary scattering (Sec. III D).

Considering all of the phonons in the first Brillouin-zone
allowed us to examine common assumptions used to reduce
the computational effort. Because the frequency dependence
of thermal conductivity changes as film thickness is reduced
[see Fig. 5(b)], assumptions that are valid for bulk are not
necessarily valid for thin films. This trend is most evident for
the contribution of optical phonon modes. For bulk SW sili-
con, optical modes contribute 3.5% to the total thermal con-
ductivity and neglecting their contribution is reasonable. For
the thin films, however, neglecting optical modes can intro-
duce sizable error (up to 22.5% for the 17.4 nm film).

By examining the phonon dispersion data and relaxation
times in Figs. 3(a) and 3(b), we showed that the phonons
along the [001] direction are representative of the full
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Brillouin-zone data at low-frequencies. Since the bulk ther-
mal conductivity of SW silicon is dominated by low-
frequency phonons, the isotropic approximations yields bulk
thermal conductivity predictions that are within 15% of the
true value. Because the cross-plane contribution of these
low-frequency phonons is reduced as the film thickness is
reduced, however, the isotropic approximation introduces up
to 25% error when modeling the thin films. Error is also
introduced when an averaged, bulk MFP is used to predict
the thermal conductivity reduction in thin films (Sec. III C).

The usefulness of our hierarchical method lies in its gen-
erality. Although used here to predict the cross-plane thermal
conductivity of SW silicon thin films, this method can be
extended to describe the transient phonon behavior in any
crystalline material, provided the force constants required as
input to the lattice dynamics calculations can be obtained. If
these force constants can be calculated using quantum calcu-
lations, such as density functional theory,24 the hierarchical
method will provide an efficient means for modeling tran-
sient phonon transport from first principles.
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