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In the present work, we describe the lattice Boltzmann methodology and implementation
techniques for the phonon transport modeling in crystalline materials. We show that some
phonon physical properties, e.g., mean free path and group velocity, should be corrected to
their effective values for one- and two-dimensional simulations, if one uses the isotropic
approximation. We find that use of the D2Q9 lattice for phonon transport leads to errone-
ous results in transient ballistic simulations, and the D2Q7 lattice should be employed for
two-dimensional simulations. Furthermore, we show that at the ballistic regime, the effect
of direction discretization becomes apparent in two dimensions, regardless of the lattice
used. Numerical methodology, lattice structure, and implementation of initial and different
boundary conditions for the D2Q7 lattice are discussed in detail.
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1. Introduction

The conventional continuum-based physical relations that describe heat and fluid flow in bulk systems, such as the
Navier-Stokes and Fourier equations, break down at sub-continuum scales [1,2]. The failure of these relations, along with
the current trend of miniaturization in man-made devices and wide spread use of nano-structured systems, urge for
development of new computational techniques capable of modeling sub-continuum physical phenomena. One example of
such techniques is the phonon lattice Boltzmann method that has been developed to model thermal transport in devices
with sub-continuum feature sizes.

In current semiconductor technology, the feature size of transistors on an integrated circuit is about 32 nm, and the pro-
jected size in the next generation of devices is advancing below that. This continued miniaturization of electronic compo-
nents subsequently results in higher heat generation densities inside the device. Non-uniform power distribution across
the die surface, and sub-continuum effects cause large temperature gradients and localized hot spots on the die. This over-
heating of the die surface hinders the performance and reliability of these devices; and therefore, makes thermal manage-
ment a crucial step for further developments [3].

In semiconductor materials, atomic lattice vibrations are the dominant heat carriers; the quantum of these atomic vibra-
tions is a phonon [4]. In devices with feature sizes comparable to the bulk mean free paths of phonons (on average a few tens
to hundreds of nanometers), phonons travel ballistically. In this ballistic regime, phonon-boundary scattering overshadows
intrinsic phonon scattering and dominates thermal transport. As a result, sub-continuum boundary effects appear as (i) tem-
perature jumps at the system boundaries, and (ii) a size-dependent thermal conductivity. The conventional Fourier-based
methods for modeling bulk thermal transport fail to capture these ballistic effects; therefore, the study of phonon behavior
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becomes crucial for accurate predictions of thermal transport at such scales [5,6]. Different numerical methods have been
proposed in the literature for phonon transport modeling through solving the Boltzmann transport equation (BTE).

Joshi and Majumdar developed an equation for phonon radiative transfer that was based on the BTE and employed aver-
age phonon properties [7]. Chen proposed a Ballistic-Diffusive equation for phonon transport; where the phonon distribution
function was divided into two components, ballistic and diffusive [8,9]. Narumanchi et al. employed the finite volume meth-
od to solve the BTE for thermal transport modeling in electronic devices using mode-dependent phonon properties [10,11].
Monte Carlo simulations have also been applied to solve the BTE and obtain phonon distribution in nano-scale devices [12-
14].

Another approach for solving the BTE, which is adopted in the present work, is the lattice Boltzmann method (LBM). The
LBM is a particle-based method, which uses a finite differencing technique to numerically solve the BTE, and predicts the
distribution of particles in discrete directions on discrete points in time and space [15]. Chronologically, the LBM was first
introduced in the work of McNamara and Zanetti [16] as a fluid flow modeling technique through prediction of the distri-
bution of fictitious fluid particles, which was then extended in the works of other researchers [17-19]. Benzi et al. [20]
and Chen and Doolen [21] have provided comprehensive reviews on the LBM for fluid flow simulation. Since then, the
LBM has also been employed for modeling transport of electrons and phonons, the latter is studied in the present work.
Guyer [22] introduced a lattice Boltzmann computational framework for modeling transport of different phonon modes
using a two-dimensional hexagonal lattice, i.e., D2Q7 lattice (the lattice labeling is discussed in Section 3.1). Jiaung and
Ho developed a lattice Boltzmann computational framework for modeling phonon hydrodynamics [23,24]. In the phonon
hydrodynamics approach, similar to the classical fluid quasi-particles in the LBM for fluid flow, phonons are assumed to
be constituent particles of a quantum fluid. Recently, Yang and Hung [25] also developed a lattice Uehling-Uhlenbeck Boltz-
mann method for modeling the behavior of quantum fluids. In their proposed approach, the quantum particles were as-
sumed to follow the Uehling-Uhlenbeck Boltzmann equation [26,27] and they examined the behavior of particles under
three different equilibrium distribution functions. The phonon hydrodynamics approach developed in the works of Jiaung
and Ho [23,24] and Yang and Hung [25] cannot be extended to include multiple phonon modes. Furthermore, the phonon
properties in these works are chosen arbitrarily and do not correspond to any physically meaningful material property.

Atomistic level modeling techniques have shown that phonon properties are closely related to atomic structure of mate-
rials and cannot be chosen arbitrarily [28-32]. Therefore, instead of using the phonon hydrodynamics approach, we treat
phonons as quasi-particles, where their properties are directly related to material structure. Most of the recent works on
the LBM for phonon and electron transport modeling have adopted this approach, which can also be extended to include
multiple phonon modes.

This approach for LBM was first introduced by Ghai et al. [33], where they used the LBM for coupled modeling of phonons
and electrons in semiconductor materials and metals. Their LBM for phonons was further developed in the works of Escobar
et al. [34-36] and Goicochea et al. [37-39]. These latter works employed the D2Q9 lattice with multiple phonon modes.
Thouy et al. [40,41] performed single- and multi-mode phonon LBM simulations on a D2Q9 lattice; in order to have a higher
resolution for direction sampling, they further developed their model to include 24 different direction, i.e., D2Q25 lattice.
Heino has also performed nano-scale heat transfer simulations using the mode-dependent LBM on a D2Q9 lattice [42-
44]. Recently, Christensen and Graham [45] developed a coupled LBM/finite difference method to model the heat transfer
in joint micro- and macro- domains.

In spite of multiple works that have been published on the phonon LBM, the current literature lacks a comprehensive
piece of work that solely explains the methodology and its numerical implementation. Furthermore, the effect of lattice
structure on the predicted results, and the use of effective phonon properties in one- and two-dimensional simulations have
not been addressed in the literature.

The present work explains the LBM for phonon transport in one- and two-dimensions. The detailed methodology is dis-
cussed in Section 2. Section 3 presents the numerical implementation of the LBM; where effective phonon properties for one-
and two-dimensional simulations, and effect of different lattice structures on the predicted results are discussed in Sections
3.2 and 3.3, respectively. Numerical examples are presented to demonstrate the methodology and implementation in Sec-
tion 4. For interested readers, streaming rules, and implementation of initial and boundary conditions for a D2Q7 lattice
are discussed in detail in the Appendices.

2. Lattice Boltzmann methodology

The BTE with single relaxation time assumption (Bhatnagar-Gross—Krook assumption [46]) and in absence of any exter-

nal force is given as follows:

of fa-f

9 VFf = 1
ot VeV = (1)
where t is time; f, vy, and 7 are the probability distribution function, group velocity vector, and relaxation time of the par-
ticles under study [15]. f*¢ is the equilibrium particle distribution function, and depends on the nature of the particles which
are to be described by the BTE. The corresponding equilibrium distribution functions for classical particles (e.g., fluid parti-
cles), fermions (e.g., electrons), and bosons (e.g., photons and phonons) are given by the Maxwell-Boltzmann, Fermi-Dirac,
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and Bose-Einstein distribution functions, respectively [47]. Among them, the Bose-Einstein equilibrium distribution func-
tion for phonons is given as follows:

1
eq —
f ~ eho/kyT _ 1 (2)

where h is the Planck’s constant divided by 27, w is the frequency of phonons (rad/s), k, is the Boltzmann constant, and T is
the absolute temperature.

Most of the previous works on the phonon LBM have assumed isotropic material properties, i.e., the atomic crystal is uni-
form in all directions. In isotropic materials, the group velocity vector of each phonon mode, v,, reduces to a scalar value, v,
which is the speed of sound in the material of interest. Sellan et al. compared the results of the multi-mode isotropic assump-
tion to those obtained considering all of the phonons in the first Brillouin-zone with anisotropic properties in an LBM frame-
work [48]; they found that the isotropic assumption introduces an error up to 25% in the predicted cross-plane thermal
conductivity of Stillinger-Weber silicon thin films.

Based on the treatment of different phonon modes, the LBM for phonon transport is divided into two main categories,
namely: multi-mode LBM (Dispersion LBM) and single-mode LBM (Gray LBM). The Dispersion LBM solves the BTE for each
phonon mode, where each mode has a distinct group velocity and relaxation time. Given an interatomic potential that de-
scribes the atomic interactions, the mode-dependent group velocities can be predicted from harmonic lattice dynamics cal-
culations [30,31]; while the required relaxation times can be predicted from empirical relations [49,50], molecular dynamics
simulations [28,51], or anharmonic lattice dynamics calculations [52]. The Gray LBM for phonon transport, however, consid-
ers average phonon properties, and solves the BTE to predict the distribution function of only one representative phonon
mode. It has been shown that in order to have an accurate prediction of the temperature distribution and heat flux,
mode-dependent properties should be included in the calculations [35,36]. Recently, Turney et al. [52] and Sellan et al.
[48,54] showed that using average phonon properties is inadequate for predicting the in-plane and cross-plane thermal con-
ductivities of Stillinger-Weber silicon thin films.

The Dispersion LBM can be considered as solving a Gray LBM for multiple phonon modes, with minor modifications in
numerical implementation. Since the objective of the present work is to discuss the methodology and implementation of
the LBM for phonon transport, the Gray approximation has been adopted for the sake of simplicity and clarity. Extending
the Gray LBM to the Dispersion LBM is straightforward, provided the group velocity and relaxation time of each phonon
mode are known. Details regarding the implementation of the Dispersion LBM can be found elsewhere [37,53].

Assuming the Gray approximation, the first-order discretization of the BTE for phonons in time and space (under the
relaxation time approximation) results in the discrete lattice Boltzmann equation [15]:

Fr(X+ AXy, t 4+ AL) — fr (X, 1) = g feax,t) — fu(x,1)] (3)

where X is the position in space, and the subscript o represents the discretized directions on each lattice site. f, and f;? are
the corresponding direction-wise phonon distribution function and equilibrium distribution function. At is the computa-
tional time step, which is related to the lattice spacing as AX, = v, ,At; where v, is the group velocity along direction o (dis-
crete velocity set).

At each time step during the LBM simulation, the distribution functions move in the direction of the assigned discrete
velocity set towards the next lattice site (streaming step); and based on a set of collision rules, new distributions are calcu-
lated at each lattice site for the next time step (collision step). The effect of boundary conditions and external sources are also
included in the computation of new components of distribution function on each lattice site at each time step during the
collision step.

3. Numerical implementation
3.1. Overview

Since in the Gray approximation we consider only one representative mode with average phonon properties, all phonons
have a uniform group velocity, v, and the same relaxation time, . Therefore, the computational domain discretization is
uniform in space, and one single lattice with uniform spacing in all directions should be used for all the phonons. In the pres-
ent work, we follow the lattice labeling conventions introduced by Qian et al. [18]; i.e., DnQm, where n is the dimensions of
space and m — 1 is the number of directions on each lattice site. For one-dimensional simulations, the D1Q3 lattice geometry
is straightforward to implement (Fig. 1(a)). Any lattice selection in two dimensions should be symmetric and plane-filling.
Two possible lattice configurations, which have been extensively employed for the fluid flow simulation using the LBM, are
the D2Q7 and D2Q9 lattice structures (Fig. 1(b) and (c), respectively).

For all lattice structures discussed in this work, the phonon population at the center (f;;,) is reserved to keep the summa-
tion of all the phonon distribution functions on that lattice site,

m-1

fm(xv t) = Zfoc(xv t) (4)

o=1
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(a) (b)

Fig. 1. (a) D1Q3, (b) D2Q7, and (c) D2Q9 lattice structures and respective labeling; the sites located at the center of the three lattices correspond to o =3, 7,
and 9, respectively.

3.2. Effective phonon properties

Considering the Gray approximation, phonons that leave a point in a three-dimensional space travel in all directions at a
constant velocity magnitude of v,, without any preference towards any specific direction. In two-dimensional simulations,
phonons that are traveling in the three-dimensional space should be projected onto the two-dimensional plane of interest.
Therefore, in calculating the average phonon velocity magnitude in the two-dimensional plane, the effect of the phonons
which are out of the plane of interest should be taken into account. Fig. 2(a) schematically shows the three-dimensional pho-
non propagation and its projection into a two-dimensional plane, i.e., the x-y plane.

In a two-dimensional simulation in the x-y plane, consider an arbitrary direction with an angle ¢ with the x axis, i.e., the
dark vector in Fig. 2(a). In order to calculate the average velocity of phonons in this direction, the effect of all the phonons
that are traveling in this direction and are out of the x-y plane, which are shown as light vectors, should be considered. The
plane of these phonons is marked in gray in Fig. 2(a), and is shown separately in Fig. 2(b).

This argument is true for any arbitrary direction in the two-dimensional x-y domain. Mathematically, it can be shown
that the magnitude of the average projected phonon velocity (%) in an arbitrary direction in the x-y plane is 2/n of the
physical velocity magnitude of a phonon in three dimensions;

1 . 1 /. 2
Veo =5 : v,sinfds = = J, v,SinORd0 = Ve (5)

where R and S are the radius and length of the integration curve (semi-circle), and 0 is the angle from z axis.

Therefore, for any two-dimensional simulation, the physical average group velocity and consequently the physical aver-
age mean free path of phonons (A = tvg) should be corrected by a factor of 2/n. The same procedure should be applied when
projecting the phonons from a three-dimensional domain into a one-dimensional domain. As a result of the integration, the
phonon group velocity and mean free path to be used in one-dimensional simulations are those of three-dimensional space
(physical values) corrected by a factor of 1/2. All other physical phonon properties, including the relaxation time and specific
heat, do not require a correction. These corrections factors are introduced in the phonon LBM literature for the first time.

3.3. Lattice structure: D2Q7 vs. D2Q9

Proper selection of the numerical lattice structure is also a concerning issue in two-dimensional LBM simulations. All the
previous works on the phonon LBM modeling in two dimensions, except the work of Guyer [22], have preferred the D2Q9

/ot &

(a) (b)

Fig. 2. Schematic projection of three-dimensional phonon propagation into a two-dimensional domain (x-y plane).
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lattice over the D2Q7 structure for its simple structure and more straightforward boundary condition implementation
[24,36,40,44,45].

The steady state temperature distribution in diffuse regime (i.e., bulk-like) obtained using the D2Q9 lattice has been
shown to be in excellent agreement with analytical and numerical implementations of the Fourier heat equation [53]. How-
ever, no validation is reported in the literature for two-dimensional transient ballistic regime simulations using the LBM. The
inherent problem with the D2Q9 lattice is that at each time step, the particles on diagonal directions (directions 5, 6, 7, and 8
in Fig. 1(c)) travel a distance v/2 times larger than the distance travelled by the particles on the main directions (directions 1,
2,3, and 4 in Fig. 1(c)). In the LBM for fluid flow simulations, this issue has been accounted for by altering the direction-wise
velocities of the fictitious fluid particles and introducing a weight factor for particles moving in different directions. How-
ever, in the LBM for phonon transport with the Gray approximation, all the phonons have the same velocity in all directions.
The same argument is true for isotropic multi-mode LBM, where phonons of each mode travel at a constant direction-inde-
pendent velocity. Consequently, phonons in the diagonal direction cannot travel a larger distance than the phonons in the
main directions at each time step. It is shown in the next section that this approximation in the D2Q9 lattice yields unrealistic
results for transient simulations.

On a D2Q7 lattice, as it is shown in Fig. 1(b), the particles move on six equi-length directions separated from each other by
an angle of /3. Fig. 3 shows the D2Q7 lattice implementation on a two-dimensional domain. Considering the lattice orien-
tation shown in Fig. 3, every other lattice site on the left and right boundaries does not fall on the physical domain bound-
aries. Boundary condition implementation on these two boundaries should be treated with extra care (see Appendices A and
B). Geometrical constraints of the D2Q7 lattice implies that Ay is v/3Ax/2. It also should be noted that a constant i line is a
zigzag line, as shown in Fig. 3 (see Appendix C). The discrete velocity set for the D2Q7 lattice is given as follows:

Vgou = {cos((oc— 1)§>,sin((oc— 1)2)} vg a=1,...,6 (6)

The streaming rules for the D2Q7 lattice implementation shown in Fig. 3 are presented in Appendix C.

3.4. Calculating thermal properties

On each lattice site, the distribution function has m — 1 direction-wise active components; and the equilibrium distribu-
tion function on that lattice site is calculated using the summation of all these m — 1 components. The equilibrium distribu-
tion function is assumed to be uniformly distributed on the m — 1 directions; therefore, on an arbitrary direction ¢, it is equal
to:

£, t) DY/ L]

m—1 a=1,2,..

m—1 (7)

The reader should make distinction between the total equilibrium distribution on each node (calculated from the sum-
mation of all the m — 1 components of the distribution function, or from Eq. (2) if the temperature is known), f*9, and its
direction-wise components, f;%; these two are related as:

m-1

fax. = fIx,0 (8)

=1

Temperature on each lattice site is then calculated by solving Eq. (2) for T and using the calculated equilibrium distribu-
tion function on each lattice site, as follows:

constant j
4 J

3%4050 g8 4o
4 Ay

&

5

5 6
o o o o)
y 3
© S %
X, 3 6

constant i

Fig. 3. D2Q7 lattice implementation and boundary lattice nodes.
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how

Txt)=— 20
kylog (W + l)

9)

It should be noted that Eq. (9) is only valid for the Gray approximation; the methodology for the temperature calculation
in the multi-mode LBM is described in Sellan et al. [48].

On each lattice site, heat flux in an arbitrary direction n is calculated by writing the balance of energy for the ingoing and
outgoing phonons. For an arbitrary direction n, it is written as follows:

0n(X,t) = {Z (fin(X, £)c0SO — foue (X, t)cos())] hwv,D,Awd/T (10)

where 0, D, Aw, and d are the angle between the phonon'’s direction and the arbitrary direction n, phonon’s density of state,
frequency bandwidth (equal to w in Gray model), and dimension of space. The average phonon frequency, w, is equal to k,Tp/
h, where Tp is the Debye temperature and is equal to 625 K for silicon. The phonon density of states, D,,, is calculated as
follows:

kyy2er(ex — 1) 2Aw

o (11)
where ¢, is the volumetric specific heat, and y is h w/kyTave. Hereinafter, the coefficient havgD.,Awd/n in Eq. (10) is called
Gfactor for brevity. In all the above relations, the effective values of the mean free path and group velocity should be used.

The kinetic theory expression of bulk thermal conductivity of a Gray medium as a function of the average bulk phonon
properties is given as follows [4]:

1
kbulk :§vag/1 (12)

The coefficient 1/3 is due to the averaging of the phonon velocities in space; therefore, only the physical values of the
mean free path and group velocity should be used in Eq. (12) and no correction factor is required.

4. Numerical examples
4.1. Heat diffusion in a square domain with constant temperature boundary conditions

To validate our methodology, we modeled steady state diffuse-regime heat transfer in a square domain using both the
D2Q7 and D2Q9 lattices and compared the predicted results against the analytical Fourier-based solution. The side length
of the domain (L) was 5 pm and a lattice resolution study of the steady state results for the temperature profile (a scalar field)
showed that at least 300 lattice sites on each side of the domain are required to have lattice-independent steady state sim-
ulations. It should be noted that, as a rule of thumb, the lattice resolution required to obtain lattice-independent steady state
results for the heat flux (a vector field) or transient results for either temperature or heat flux is about 20 times higher than
that required for capturing the correct steady state temperature profile. This lattice resolution corresponds to about 50 lat-
tice sites per physical mean free path and is consistent with our previous findings for one-dimensional multi-mode LBM sim-
ulations. Therefore, we used a domain of 6001 x 6929 lattice sites for the D2Q7 structure and a domain of 6001 x 6001
lattice sites for the D2Q9 structure simulations. Furthermore, it was observed that the predicted values of heat flux requires
a longer simulation time to reach the steady state when compared against the time required for obtaining the steady state
temperature profile. This trend has also been reported in the molecular dynamics simulations [55].

The entire domain was initialized to a constant temperature of 299.5 K (T,), whereas the temperature on the top boundary
(y/L =1) was set to a temperature of 300.5 K (T). Domain initialization and implementation of boundary conditions are ex-
plained in Appendices A and B, respectively. The steady state temperature and heat flux in the y-direction profiles at three
different y/L values of 0.25, 0.50, and 0.75, calculated using the LBM on the D2Q7 and D2Q9 lattices, are compared in Fig. 4
against the values determined by the Fourier-based analytical solution [56]. It can be seen that for the steady state diffuse
regime, both lattice structures perform well and the predicted results are in excellent agreement with the analytical solution.
The predicted heat flux by the D2Q9 lattice is slightly higher than the values predicted from Fourier equation, which can be
due to the fictitious high speed diagonal particles that contribute to heat flux (see Eq. (10)). T* and x* are defined as (T — T,)/
(T, — T.) and x/L, respectively. The material is considered to be silicon; the average physical phonon and bulk properties of
silicon at the average temperature of 300 K are presented in Table 1.

4.2. Thermal wave propagation in an infinite medium

To evaluate the performance of the D2Q7 and D2Q9 lattice configurations for thermal transport in the ballistic regime,
where the Fourier law is not valid, a square domain with periodic boundary conditions on all sides was considered. Material
properties were equal to those reported in Table 1. The entire domain, except for a hot region in the middle, was initially set
to a temperature of 299.5 K. The hot region in the middle of the domain had a radius of 1/30 of the domain side length, and
was initialized to a temperature of 300.5 K. The system was then allowed to evolve in time. The propagation of thermal wave
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Fig. 4. (a) Temperature and (b) heat flux profile comparison of the analytical Fourier-based solution against the LBM predicted results using the D2Q7 and
D2QQ9 lattices for the diffuse regime.

Table 1

Average physical phonon and bulk properties for silicon at 300 K.
Phonon relaxation time (7) 6.53 x 107125
Phonon mean free path (A) 41.79 x 10°m
Phonon group velocity (z,) 6400 m/s

Phonon frequency (w)
Volumetric specific heat (c,)
Density (p)

8.18 x 10" rad/s
1.66 x 10° J/m* K
2328 kg/m>

Bulk thermal conductivity (k) 148 W/mk

from the hot region into the cold infinite domain was simulated for five different domain side lengths between 30 nm and
3000 nm (i.e., 30, 100, 300, 800, and 3000 nm); which correspond to initial hot region radii ranging between 1 nm and
100 nm, respectively. The required lattice resolution for a lattice-independent transient prediction of the temperature field
is almost as demanding as the required lattice resolution for heat flux predictions.

The simulation results for different hot region radii are presented in Fig. 5 in the form of temperature filled-contours. The
corresponding time of all the temperature fields shown in Fig. 5 is equal to 0.2L/,, where L is the domain side length. For
domain lengths comparable to or smaller than the phonon mean free path (e.g., Fig. 5(a) and (f)), the traveling time is smaller
than the phonon relaxation time; therefore, intrinsic phonon scattering is not significant and phonons travel ballistically to a
distance of 0.2L at the specified group velocity. In this ballistic regime, the two lattices perform significantly different due to
the fictitious high speed phonons on the diagonal directions of the D2Q9 lattice. The phonons, which are assumed to have
isotropic properties in the Gray approximation, propagate anisotropically on the D2Q9 lattice. In this regime, however, there
is little or no communication (diffusion through scattering) between the discretized lattice directions. As a result, we also
observed that for both lattices the effect of direction discretization becomes apparent, which is an inherent downfall of
the LBM for phonons. Graham [57] also has reported similar patterns for temperature and heat flux profiles when the char-
acteristic size of their computational domain was comparable to the phonon mean free path. They compared their LBM pre-
dicted results against those obtained from the discrete ordinate method (DOM) [58,59], and observed that the DOM also
yields a very coarse temperature profile in ballistic regime, if the number of propagation directions for phonons are not suf-
ficient. This issue is common in any numerical method when a limited number of discrete propagation directions are se-
lected to represent a continuous scattering process. In the radiative heat transfer literature, this effect was noted by Chai
et al. for transparent media [60], when DOM was used to model photon transport, and it has been referred to as ray effect
since then [61-63].

If one does not make the isotropic assumption for the mode-dependent phonon properties, the symmetry of the numer-
ical lattices breaks due to different phonon velocities in different directions. In this case, each phonon mode travels on its
specific lattice with a mode-dependent lattice skewness due to different degrees of anisotropy for each mode. As a result,
the combination of all these lattices covers a larger number of propagation directions in space. This consequently mitigates
the ray effect observed in the pure ballistic transport regime. At each time step, all the phonon modes should be mapped into
a reference lattice for the collision step, which is a computationally expensive task and requires two-dimensional interpo-
lation in space for each phonon mode.

As presented in Fig. 5, when the domain size increases to values larger than the phonon mean free path, the elapsed time
required for traveling a distance of 0.2L increases, and becomes larger than the phonon relaxation time. As this occurs, pho-
nons will have a greater likelihood of collision due to intrinsic phonon-phonon scattering, resulting in a transition to a dif-
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() @
Fig. 5. Dissipation of heat from a high temperature region into a cold infinite domain with periodic boundary conditions, for 5 different domain sizes of (a,f)
30, (b,g) 100, (c,h) 300, (d,i) 800, and (e,j) 3000 nm at t = 0.2L/,. Simulations are performed using the D2Q7 (a to e) and D2Q9 (f to j) lattices.

~Q.2L (®)

fusive (i.e., bulk-like) transport regime. For a relatively large domain size (i.e., 3000 nm), the two lattices illustrate similar
temperature profiles; however, due to the fictitious fast phonons on the diagonal directions of the D2Q9 lattice, the constant
temperature rings are larger for the D2Q9 lattice. The D2Q9 lattice predicts a faster propagation of heat through the infinite
domain, and therefore the decay of the maximum temperature at the center of the initial high temperature region is faster.
The predicted maximum temperature using the D2Q9 lattice is about 20% lower than that predicted using the D2Q7 lattice
for a domain side length of 3000 nm at ¢ = 0.2L/v,.

The circular wave fronts observed in Fig. 5(e) and (j) are indicative of diffuse transport, where intrinsic phonon-phonon
scattering is dominant. For both lattices, the effective traveling distance of phonons is considerably shorter than 0.2L due to
the intrinsic scattering.

The transient behavior of the two lattices is different; however, by increasing the domain size, the difference between the
transient predictions of the two lattices become increasingly insignificant. The error introduced by the D2QQ9 lattice in the
transient simulations prohibits its use for thermal transport simulations when sub-continuum effects are present. Therefore,
for two-dimensional LBM modeling of phonon transport, we recommend that the D2Q7 lattice structures should be used.
Because there is no detailed work on the implementation of the phonon LBM on a D2Q7 lattice in the literature, we provide
a comprehensive numerical recipe for such an implementation in Appendices A, B, and C.

5. Summary

When the characteristic length of a device becomes comparable to the mean free path of energy carriers, e.g., phonons
in semiconductor and insulator materials, the study of energy carriers is crucial for accurate thermal transport predictions.
The lattice Boltzmann method is shown to be a versatile and powerful tool for modeling phonon transport in such
materials.

We showed that the anisotropic structure of the D2Q9 lattice leads to erroneous results in the ballistic regime, and the use
of the D2Q7 lattice is preferred for two-dimensional simulations. However, at the ballistic regime, the effect of lattice direc-
tional discretization becomes apparent in two-dimensional simulations, which yields coarse temperature and heat flux
fields. This is an inherent downfall of the LBM, which is also observed in other methods that use directional discretization
to approximate a continuous scattering process.

It was also shown that the physical group velocity of phonons should be corrected to the average projected values in one-
and two-dimensional simulations. The correction factors are 1/2 and 2/x for one- and two-dimensional simulations, respec-
tively. Although the Gray LBM implementation was discussed in this work for the sake of clarity, the choice of the lattice
structure and use of correction factors are also valid for multi-mode isotropic phonon LBM simulation, which is required
for a more accurate prediction of thermal transport.

Numerical methodology of the LBM for phonons (Section 2), implementation of the initial condition (Appendix A), and
implementation of various boundary conditions (Appendix B) are discussed in detail.
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Appendix A. Initial condition

In a Gray LBM simulation, each lattice site is initialized to the equilibrium distribution function at the corresponding ini-
tial temperature that is computed from Eq. (2). Initially, we assume that phonons are evenly distributed in space such that
their distribution on each direction («) is the equilibrium distribution divided by the number of discrete directions, as
follows:

ho -1
e kp T(X,t) __
_fqlT(x.t) _ (eb 1)

initial __ feq
fa (X>t)_foc (x7t)_m,1 - mf‘l

a=1,....m—1 (A1)

Appendix B. Boundary conditions
B.1. Periodic boundary condition

The periodic boundary condition implies that any phonon which leaves the computational domain enters the domain
from the other side without any change. This type of boundary condition is used when dealing with infinite domains with
arepetitive pattern or domains which correspond to closed loops. Considering the D2Q7 lattice implementation presented in
Fig. 3, if one applies the periodic boundary conditions in the x direction, the nodes on the left boundary with odd j index
receive the distribution functions fj, f>, fe from the nodes on the right boundary. The nodes on the left boundary with even
j index only receive f; from the right boundary nodes. Similar rules can be developed for the right boundary nodes. The un-
known distribution functions on boundary lattice sites are marked in Fig. B.6, and are calculated as follows:

1,2,6(1,2p— 1) = fio6(nx,2p — 1) fa(nx,2p—1) =fs(1,2p— 1)
fi(1,2p) = fi(nx,2p)  f345(nx,2p) = f345(1,2p)

where p is an integer. Similar relations for periodic boundary condition in the y direction can be easily developed by the
reader.

(B.1)

B.2. Constant temperature boundary condition

Constant temperature boundary conditions are implemented by setting the distribution function of the boundary nodes
equal to the equilibrium distribution function corresponding to the prescribed temperature at that boundary calculated from
Eq. (2). These populations are not updated during the streaming step and do not go under collision.

B.3. Constant heat flux boundary condition

On a boundary node with a prescribed heat flux, the phonon distributions which are entering the domain are calculated
based on the incoming phonons from inside the domain and the prescribed value of heat flux on that node. These boundary
nodes go under collision and their distribution functions are updated at each time step. However, as a general rule, heat flux
on any boundary node should be calculated before the collision step. The collision operator conserves the total energy on
each node, and therefore conserves the temperature, but does not conserve the heat flux. For the D1Q3 lattice, when a pre-
scribed heat flux is implemented on the left boundary, qz(t), the unknown incoming distribution function, fi(1,t), can be
calculated using Eq. (10), as follows:

fi(1,0) :fz(l,t)+q’L(t) (B.2)

factor
For a two-dimensional D2Q7 lattice, constant heat flux boundary condition treatment for the top/bottom and left/right
boundaries is different due to the different number of directions involved. For the cell orientation and constant i line shown
in Fig. 3, constant heat flux condition on the top boundary yields:

Fig. B.6. Unknown distribution functions for periodic boundary condition in the x direction for D2Q7 lattice.
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. . . . . T
Gyaop (1.1, ) = Gpaceor [f5 (1,1, 8) + fo (1, ny, 8) = fa(i, my, ) = f5(i, . t)]cos & (B.3)
where fs and fg, are the unknown distribution functions on the boundary nodes. The symmetry of the lattice implies that:

fS(i7 ny, t) :fG(i7 ny, t) (B4)

Therefore, the two unknown distribution functions are calculated as follows:

. 1 qta (ivnyvt) 2 . .
fse(isny, t) = 5 | 2———= =+ foi,ny, 1) + f3(i, ny, t)
2 qfactar \/§

A similar relation can be developed for the two unknown distribution functions on a constant heat flux boundary on the
bottom boundary, i.e., f, and f3. However, for a constant heat flux condition on the left boundary, the heat flux equation, Eq.
(10), reads:

qx.left(lﬂjvt):qfactur<f1(]7j’t) —f4(1,j,t)+[f2(1,j,t) +f6(17].,t) _f3(1$j7 ) fS v]v ]COSB) (B5)

where fi, f>, and fs are the three unknown distribution functions for the boundary nodes with odd j index; while the only
unknown distribution function for the boundary nodes with even j index is f;. For a boundary node with an odd j index,
it can be assumed that the phonons are emitted uniformly in all directions from the boundary node; therefore, one can write:

Combining Egs. (B.5) and (B.6) yields:

fl,z.e(lsjvt)—2<q“eﬁ FR(LLO + 5 (Lt +fs(1,j,t>1> (B.7)

factor

For the boundary nodes with even j index, the only unknown distribution, f;, is calculated by interpolating between the
two neighbor nodes, as follows:

f 7]t 7_[f1 7]_17t)+f1(]7]+17t)} (BS)

B.4. Adiabatic boundary condition

It is known that when phonons hit a domain boundary, a portion of them is reflected back, a portion is absorbed, and the
rest of them transmit through the boundary. For an ideal adiabatic boundary, every phonon which hits the boundary will be
reflected back into the domain and the bins of the absorbed and transmitted phonons will be empty. An ideal reflecting
boundary condition can be treated in two different ways, namely: diffuse and specular reflections [37,53]. The unknown out-
going distributions are based on the incoming distributions and are calculated differently in each of these two methods.
Fig. B.7 shows the unknown distribution functions for adiabatic boundaries on the top and left boundaries of a two-dimen-
sional domain with D2Q7 lattice implementation.

For the diffuse reflection, it is assumed that incoming populations will be divided equally between the outgoing popula-
tions, which are reflected back to the domain. Implementing this type of boundary condition on the left and top boundaries
yields:

Top boundary:

ﬁ=k=%m+ﬁ] (B.9)
Left boundary:
ﬁ=ﬁ=k=%m+ﬁ+m (B.10)

The diffuse reflection assumption on an adiabatic boundary conserves energy and therefore temperature, but does not
necessarily guarantee a zero heat flux.

Fig. B.7. Unknown distribution functions for adiabatic boundary condition implementation on the top and left boundaries.
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Fig. B.8. A node at the corner of constant temperature (left) and adiabatic (top) boundaries.

In a specular reflection, phonons which hit the boundary will be reflected back into the domain with the same tangential
velocity before the collision, but their normal velocity is reversed. A specular adiabatic boundary condition on the left and
top boundaries is implemented as follows:

Top boundary:

fs=h fe=F (B.11)
Left boundary:
fi=fa, fa=f fe=F (B.12)

For both the diffuse and specular treatments on the left boundary, the only unknown distribution on nodes with even j
index (f1) is calculated by interpolation between the top and bottom neighboring nodes, as explained in Eq. (B.8). Specular
treatment of an adiabatic boundary condition conserves energy, and enforces zero heat flux at the boundary.

B.5. Corner nodes

Treatment of the nodes at the corners of the domain (or generally at the intersection of any two distinct boundary con-
ditions) should be performed with extra care. To exemplify such a case, a node at the corner of constant temperature (left)
and adiabatic (top) boundary conditions is presented in Fig. B.8. Distributions f; and f, are the incoming distributions from
the neighboring nodes. Distributions fj, f>, fs, and fs are the four unknowns. For such a corner node, f; and f, are determined
with respect to the constant temperature boundary condition following the procedure explained in Appendix B.2. The
remaining two unknown distribution functions, fs and fs, are then calculated using the adiabatic boundary condition. These
two unknown distributions are set equal to f3 and f5, respectively, if one uses the specular adiabatic boundary treatment to
ensure zero heat flux in the y direction on this node.

Appendix C. Streaming

Streaming relations for the D2Q7 lattice depends on the choice of the unit hexagonal cell orientation and the form of the
constant i and constant j lines. For the cell orientation presented in Fig. 3, the streaming relations for the odd and even j index
nodes are different. For the nodes with odd j index, the streaming rules are given as follows:

[ =h-1]), f)=h1E-1j-1)
f) =f1.5=1), fa(t.J) =fali+1,)) (C1)
fs(i3) =fsi.j+1), feli) =foli—1,j+1)

and for nodes with even j index, it is formulated as follows:

@) =AG-1)) f(.0)=L3E]-1)
G =60+1j-1) f4(i)) =fali+1.)) (C2)
fs)) =f0+1,j+1) fe(i.j) =fs(i,j+1)
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