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Abstract

In the literature, it has been shown that the autocorrelation in service times has a
dramatic impact on performance measures in single server queueing systems. Although
some recent studies deal with systems having autocorrelated service times, a general
methodology that can incorporate this information in the analytical models has not
been previously designed. In this paper, we propose using renewal approximations
to capture the characteristics of autocorrelated service times. Our observations indi-
cate that a single approximating renewal service time distribution fails to accurately
predict the performance measures of the original system with autocorrelated service
times. Therefore, we propose incorporating the server utilization in the approximation
procedure, which provides a family of approximating renewal service times. We test
the proposed approximation in predicting the mean waiting times as well as optimiz-
ing make-to-stock queues when service times could be autocorrelated. The numerical
results demonstrate that the proposed approximation, which has a broad application

area, while being straightforward, is highly accurate.
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1 Introduction

While modeling delay systems, one of the most commonly made assumptions is that the
service times are independent and identically distributed (i.i.d) random variables (r.v.). Yet,
recently in the literature, there is an increasing number of problems studied where this as-
sumption does not hold true since service times can be autocorrelated. More importantly, the
presence of positive or negative autocorrelation in the service time data significantly influ-
ences the system performance. This necessitates incorporating autocorrelation information
in the analysis instead of merely ignoring it. In this paper, we propose using a new renewal
approximation technique to capture the autocorrelation in service time data while model-
ing single server queueing systems. The distinguishing feature of the proposed technique is
that it fits a family of renewal service times as a function of server utilization. Once the
approximating service times are characterized, the performance of the original system with
autocorrelated service times can be accurately predicted using existing models operating on

the i.i.d. service time assumption.

Livny, Melamed and Tsiolis (1993) study the impact of positive and negative autocorre-
lation in service times in a single server queue. In their example with service times having
positive autocorrelation at lag-1, a subsequence of long service demands is followed by a
subsequence of short service demands. In the example with service times having negative
autocorrelation at lag-1, service times alternate between high and low values. Furthermore,
they observe that when service times are positively autocorrelated the sample path of the
workload process is more bursty than the one in its counterpart queue in which the service
times are i.i.d. r.v.s. Their simulation results show that positively autocorrelated service
times significantly lengthen the mean waiting time. In cases with negative autocorrelation,
they also observe longer mean waiting times, yet this is attributed to positive autocorrelation
one would have at even lags. In the examples with negatively autocorrelated service times we
study in Sections 2 and 3, since autocorrelation vanishes beyond lag-1 we observe that mean

delay can be shorter than the one in its counterpart queue having i.i.d. service times. As



will be discussed in more detail in Section 3.2, autocorrelated times to failure and/or repair
times can induce autocorrelation in the effective service time, i.e., the process completion
time. Via a simulation study, Altiok and Melamed (2001) point out that autocorrelated

times to failure and autocorrelated repair times also affect the customer service levels.

Mi et al. (2007) present real data showing that in enterprize storage systems such as
Web servers, e-mail servers or in traces from consumer electronics devices, disk service times
can be autocorrelated. In their simulation study, they employ Markov-modulated Poisson
processes (MMPP) to induce autocorrelation in service times. They consider multi-tiered
systems with a closed loop and show that if autocorrelation exists in service times at a stage,
it propagates across the entire loop and is present in the arrival stream of stages that precede

that stage, significantly degrading their performance as well as end-to-end performance.

To shed light on computer systems where processors serve several applications in parallel,
Mahabhashyam and Gautam (2005) study a single server system where customers arriving
according to a Poisson process are served with Markov-modulated service rates (MMSR).
In this model, the server rate changes when the environment changes. MMSR differs from
MMPP since the Markov process representing the state of the environment can change even
when there is no customer in the system. If MMPP models the service times, the state of
the environment freezes with the customer leaving the server idle and may change only after
the next arrival making the server busy again. The nature of MMSR makes the mean service
time dependent on the Poisson arrival rate as demonstrated by Mahabhashyam and Gautam.
As explained in Section 2, we assume autocorrelated service times to be independent of
the customer arrival process, hence, our approximation technique cannot be used to study
problems involving MMSR. Yet, we choose to mention about them here since one can observe
high levels of autocorrelation in service times in systems with MMSR. For studies employing
MMSR (possibly yielding autocorrelated service times) while modeling the traffic flow on
a roadway link subject to incidents, we also refer the reader to Baykal-Giirsoy and Xiao
(2004) and Baykal-Giirsoy, Xiao, and Ozbay (2009). An earlier model considering MMSR

is by Yechiali and Naor (1971) who also include state dependent Poisson customer arrival



rates. Zhou and Gans (1999), on the other hand, slightly modify the MMPP to model
systems with varying service times. In their model, the system state can change only after
a service completion. We will extend their model in Section 3.1 while testing our renewal
approximation in a make-to-stock queue setting. An extension to systems with varying
service time distribution is that of Boxma and Kurkova (2001) who study an M/G/1 queue
alternating between two service speeds. They assume that the high-speed periods follow
an exponential distribution while the low-speed periods have a general distribution and
study the tail behavior of the workload distribution. An example where service times can
become autocorrelated due to the superposition of arrival processes is given by Takine (2002).
Takine considers a Markovian arrival process served on a first-come-first-served (FCFS) basis
with service time distributions of non-Poisson arrival streams differing from one another
and characterizes the joint probability generating function of the stationary queue length

distribution.

As our brief literature survey shows, the importance of considering autocorrelation in
service times has become more apparent with recent studies. Yet, constructing analytical
models when customer arrivals are non-Poisson or state-dependent service times are non-
exponential appears to be difficult. In such cases and in the presence of more general
autocorrelated service times, researchers have resorted to simulation experiments to study
the system behavior. Our initial idea to study problems involving autocorrelated service
times has been to employ renewal approximations proposed for capturing the statistics of
autocorrelated data. In the literature, two-parameter approximations by Whitt (1982) or
three-parameter approximations by Jagerman et al. (2004), Balcioglu et al. (2008) and
Araghi and Balcioglu (2008) have been used to approximate the autocorrelated interarrival
times. The three-parameter renewal approximation has been further exploited to model
positively autocorrelated times to failure by Balcioglu et al. (2007). One of the observations
Balcioglu et al. (2007) make is that the autocorrelated process completion times (see Section
3.2 for an explanation) due to autocorrelated or non-exponential times to failure require a

server utilization based renewal service time approximation. However, their study has been



restricted and the approximation they propose could only work if processing times in the
absence of failures are deterministic and times to failure can be modeled by phase-type r.v.s.
Hence, in this paper, we propose a procedure that can be applied to single server queues with
renewal interarrival times (note that autocorrelated interarrival times can be approximated
by renewal processes, see Balcioglu et al. 2008 and the references therein) and more general
autocorrelated service times than the above mentioned studies consider. We should add
that Fendick, Saksena and Whitt (1989) propose using a two-parameter renewal service time
approximation under the heavy-traffic regime. As will be discussed in Section 2, for medium

to low utilizations this approximation can incur big estimation errors.

We have several contributions in this study. Although the degrading impact of auto-
correlation in service times on mean response time has been shown, in addition to our
examples concerning the mean waiting time in Section 3, we demonstrate that ignoring pos-
itive (negative) autocorrelation of service times results in underestimation (overestimation)
of base-stock levels and system costs in make-to-stock queues. This observation extends
the results by Zipkin (1995) who studies the M/GI/1 make-to-stock queue and Sanajian
and Balcioglu (2009) who study the G1/GI/1 make-to-stock queue while demonstrating the
degrading impact of service time variability. We also show that even when autocorrelated
service times are independent of the customer arrival process, the idle periods that are in-
serted between service times have a diluting effect, decreasing the impact of both positive and
negative autocorrelation when the server utilization gets lower. This necessitates considering
server utilization while obtaining a family of approximating renewal service times. The idea
of incorporating server utilization has been suggested by Albin (1984) while approximating
the mean waiting time in a queue with i.i.d. service times receiving the superposition of
independent renewal arrival processes. Our study differs from hers since we consider auto-
correlated service times while assuming a renewal customer arrival process (we assume that
if necessary the superposition process can be well-approximated following Balcioglu et al.,
2008 and Araghi and Balcioglu, 2008). We design a procedure to fit the renewal service

time distributions. Accordingly, using the collected autocorrelated service time data in the



simulation of a queue receiving Poisson job arrivals, we fit a function of server utilization for

the approximating service time distribution.

While the simulation experiments may be necessary for general autocorrelated service
times, in the case of 2-state MMPP service times, following Yechiali and Naor (1971) we
provide the analytical model to compute the mean waiting time exactly when customer
arrivals are Poisson. Hence, in this case, the simulation step is not necessary while fitting
a utilization dependent function for the approximating service times. We test the accuracy
of our renewal approximation both in predicting the mean waiting times (Section 2) and
finding the optimal base-stock level and system cost in make-to-stock queues (Section 3).
Note that while mean waiting time prediction has been a common measure of performance
for renewal approximations, the latter involving make-to-stock queues is more challenging
since it requires the entire system size distribution to be captured accurately. Additionally,
it is time consuming to employ a simulation-optimization approach to obtain the base-stock
level and cost of a make-to-stock queue with autocorrelated service times. This indicates
that even though our proposed renewal approximation might require simulated mean waiting
times, once the approximating renewal service time family is fit it is more time-efficient than
the simulation-optimization approach to optimize the make-to-stock queue. In summary,
our proposed solution operates on a simple idea easy to implement while its application area

is quite broad.

The rest of the paper is organized as follows: In Section 2, we propose a server utilization
dependent renewal service time approximation. Here, we show the effect of autocorrelation
in service times on the mean waiting time and demonstrate the accuracy of the proposed
approximation. In Section 3, we design two make-to-stock queue problems, which can arise
naturally in many settings. This gives us a chance to demonstrate the performance of our
proposed approximation in capturing the system size distribution of the original system with
autocorrelated service times. Finally, Section 4 concludes the paper and presents possible

future research topics.



2 Utilization Dependent Renewal Approximation

In this section, we propose using server utilization dependent versions of the three-parameter
Exponential Residual (ER) renewal approximation due to Jagerman et al. (2004) and Gen-
eralized Erlang (GE) renewal approximation due to Araghi and Balcioglu (2008) for auto-
correlated service time data. Let X = {X,}>°, be a second order stationary or weakly
stationary time process where X, denotes the length of the nth customer’s service time

sampled from a delay system. In other words, the finite mean m, , and the finite variance

X

0% = Var[X,] < co of X are the same for all n, and the autocorrelation function between
X and Xypj, p () = (B[Xp Xpqy] —m2) /02, j=0,1,... does not depend on k but j.
Let p, = 1/m, be the service rate. X is assumed to be non-lattice and independent of the
customer arrival process.

Traditionally, the approximating renewal process R is expected to preserve or modify

some key statistics of the approximated stream, X, as follows (see Whitt, 1982, Jagerman

et al., 2004, and Araghi and Balcioglu, 2008):

(a) p,, = p, so the mean service times of R and X are equal.

(b) c}i = I, where I is the limiting index of dispersion for counts of X given by (Cox and

Lewis, 1968, p. 78 and Gusella, 1991)

_ 2
I, = c,

1y 2fjpx<j)],

j=1
and cf{ = 0)2( / mi is the squared-coefficient of variation of the marginal density function

of the original process.

While setting p,, = p1, makes sense (since the impact of autocorrelation is not observed
on the mean), forcing ci = [, for autocorrelated service times can create problems. In
order to demonstrate why renewal approximations for autocorrelated service times should
be a function of server utilization, we present a simulation study in Table 1. Throughout

this paper, we have used a commercial software package, Arena (Version 5), to conduct
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our simulations. In all the simulation experiments, a warm-up period long enough to serve
1,000 customers guaranteed reaching the steady-state. Once in the steady-state in each of
20 replications, serving one million customers resulted in tight enough confidence intervals
(CI). In Table 1, we consider a single server queueing system receiving Poisson arrivals where
the service times are generated using a Transform-Expand-Sample (TES™) process, which
we denote by the M/TES™/1 queue. We refer the reader to Appendix A for a summary
of TES™ processes. In this particular case, the TES" service times have been generated
with parameters u, = 0.8, L = —0.2, R = 0.2 resulting in px(1) = 0.32 and I, = 3.5698.
Here, the first column shows the server utilization p = \/u, with A as the arrival rate,
whereas the second column lists the simulated mean waiting times with their 95% CI in
parenthesis. Since the TEST service times have a marginal exponential distribution, ignoring
autocorrelation in service times implies approximating the original M/TES™ /1 queue by
an M/M/1 queue with service rate 0.8 and the same p as listed in column 1. Using the
standard formula (e.g. Eq. 2.20 in Gross and Harris, 1998, p. 65) one can easily obtain
the mean waiting time in the M/M/1 queue as listed in the third column. The prediction
error of such an approximation is presented in the same column in parentheses. This helps
us assess the impact of positive autocorrelation in service times on mean delay. Just like
in problems involving positively autocorrelated interarrival time streams, we observe that
as server utilization increases, positive autocorrelation in service times lengthens the mean
delay more. This indicates the importance of incorporating autocorrelation in service times

in analytical models.

Having discussed the renewal approximation techniques, since we have p, = p, and if

we force ci = I, one could easily argue employing the PK formula,

= _ pl+c) _ p(l+1)
2u,(L=p)  2p(1=p)
to approximate the mean waiting time in the M /TES™ /1 queue. The argument here is that

(1)

after analyzing the autocorrelated service time streams, there will be a single approximating

renewal service time to employ for all p values. Since the approximating system will be an
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M/GI/1 queue with the same p as listed in column 1, all we need, then, should be pu, and
I, of the original service times since they become the rate and ci of the approximating
renewal service time, respectively. When Eq. (1) is employed, we obtain the estimates listed
in column 4 of Table 1 with approximation errors provided in parentheses. As one can see,
a single renewal service time overestimates the mean waiting time significantly (in absolute
errors, worse than the M/M/1 queue approximation) at lower utilization levels. Yet, the

error decreases monotonically with increase in server utilization and gets low above p = 0.8.

This observation makes us believe that as far as autocorrelated service times are con-
cerned, one has to have the approximating service time as a function of p. Since p,
does not change with p, having Poisson arrivals one only needs to characterize the second-
moment (or the squared-coefficient of variation) of the approximating service time. By using
the simulated mean waiting times listed in column 2 and Eq. (1), we solve for I(p) in-

stead of a single ci or I, which are given in the fifth column. The trend indicates that

X0
lim, .1 I(p) — I, = 3.5698. It seems that the autocorrelated service time process is “di-
luted” more with idle times of the server when server utilization decreases and only when
p =1 (with no idle time slots inserted between service times) it becomes the same as an au-
tocorrelated same parameter TES™ interarrival time process and they have the same limiting

index of dispersion. Acting on this observation, we fit a power function for I(p) minimizing

the least squares error forcing I(1) = I, = 3.5698, which yields I(p) = (I

= 1)pl306372 4 1

When it comes to approximating the mean waiting in the GI/TES™/1 queue with non-
Poisson renewal customer arrivals, we need a service time distribution instead of its first
and second moments only (the heavy-traffic formula can be used with the first and second
moments but we have seen that this increases the approximation error, hence, we have chosen
not to include them in our paper). Araghi and Balcioglu (2008) suggest using the ER renewal

approximation for autocorrelated streams having I, > 1. Since I(p) > 1 for all p values, we

can follow their suggestion for which the utilization dependent service time density function



will have the following Laplace transform (LT)

B(S p) _ HxCp + (:ux + AE(p)aE)S
’ [ oy + (fy + oy + Ag(p)ay)s + 52

with u,, as the service rate and 24 ,(p)+1 = I(p) guaranteing that the squared-coefficient of
variation is I(p) (see Jagerman et al., 2004). However, our tests indicate that using the o
estimated from autocorrelated service times following Balcioglu et al. (2008) might result
in poor estimations. Although, there does not seem to be a method to estimate «, (or
a function of a(p)) for autocorrelated service times, our extensive numerical experiments
show that setting a, = oo gives the most accurate mean waiting time estimates for all p
values when customers arrive according to a renewal process. With o, = oo, the LT of the

approximating utilization dependent service time can be rewritten as

Kx
7 A, (p) 1 74, ()
b(s,p) = —= + E— (2)
1+AE(p) 1+AE(p)1+Z7);(p)+S

The LT in Eq. (2) is that of the generalized exponential distribution (Altiok, 1997, p. 45—
46). Adapting to our problem, with probability 1/(1 + A, (p)) the generalized exponential

distribution is an exponential distribution with rate u, /(1 + A, (p)), otherwise it is 0.

In Table 2 (and later on in Tables 4, 6), we assess the accuracy of the proposed approx-
imation by assuming that the interarrival times follow a 10-stage Erlang distribution with

the density function LT of a k-stage Erlang (Erlang(k, \)) distribution given by

A
A+ s

a(s) = ()" (3)

where A = kp, p with p values listed in column 1. The rationale behind choosing such an
arrival process is due to its low squared-coefficient of variation (=0.1), which would magnify
the approximation errors. If one considers only the marginal exponential distribution of
TES™ service times, i.e., ignores the autocorrelation in service times, one can attempt to
approximate the original GI/TES™ /1 queue by an GI/M/1 queue with service rate 0.8 and
the same p as listed in column 1. Using the standard formula (e.g. Eq. 5.65 in Gross and

Harris, 1998, p. 263) we obtain the mean waiting time in the GI/M/1 queue as listed in
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the third column with prediction errors presented in parentheses. By comparing the rows
with the same p values in Tables 1 and 2, we observe that at high utilization levels the
degrading impact of positive autocorrelation in service times on mean delay is felt more

when interarrival times have less variability than the Poisson arrivals.

Our approximation on the other hand considers a GI/GI/1 queue with the same 10-stage
Erlangian interarrival times and the service times with the LT given in Eq. (2). We have
computed the mean waiting times in such a GI/GI/1 queue numerically following Abate
et al. (1993). These estimates with their approximation errors in parenthesis are listed in
column 4 of Table 2. Although at very small utilization levels the errors of our approximation
in absolute values are bigger than those of the GI/M/1 queue approximation, for medium

to high utilization levels, we conclude that it is highly accurate.

Next we analyze a system for which the I, of autocorrelated service times is less than 1.
To do this, we superposed mutually independent five Renewal A and five Renewal B streams
and recorded the interarrival times in files, which were later on used as autocorrelated service
times in our experiments presented in Tables 3 and 4. The characteristics of the superposed

streams are as follows:

e Renewal A: The interarrival times follow an Erlang distribution with parameters
k= 2,A = 0.2 resulting in an arrival rate of A\, = 0.1 and the squared-coefficient of

variation ci =0.5.

e Renewal B: The interarrival times follow an Erlang distribution with parameters
k = 3,\ = 0.3 resulting in an arrival rate of A, = 0.1 and the squared-coefficient of

variation CQB = 0.334.

In Table 3, we consider a single server queueing system receiving Poisson arrivals where
the service times are generated according to the procedure described above, which we denote
by the M/G~/1 queue where G~ refers to the autocorrelated service times in this system

having px(1) = —0.08. Moreover, I, = 0.417 in this problem. Here, the first column

10



shows the server utilization p, whereas the second column lists the simulated mean waiting
times with their 95% CI in parenthesis. Irrespective of the server utilization, if a single
approximating renewal service time is employed, since the approximating system will be
an M/GI/1 queue with the same p as listed in column 1, using u, and I, of the original
service times in Eq. (1) we obtain the estimates listed in column 3 with approximation errors
provided in parentheses. Although the approximation errors are smaller than the ones listed
in Table 1, we see that a single renewal service time underestimates the mean waiting time
significantly at lower utilization levels. Yet, the error decreases monotonically with increase

in server utilization and gets low above p = 0.7.

Next we are going to construct the approximating service time as a function of p. By using
the simulated mean waiting times listed in column 2 and Eq. (1), we solve for I(p), which are
given in the fourth column. The trend indicates that lim, ., I(p) — I, = 0.417. With higher
server utilization the impact of negative autocorrelation is felt more and I(p) decreases.
When p = 1 (with no idle time slots inserted between service times), the autocorrelated
service time process becomes the same as an autocorrelated interarrival time process in
the form of the superposition of mutually independent five Renewal A and five Renewal B
streams and they have the same limiting index of dispersion. Acting on this observation, we
fit a power function for I(p) minimizing the least squares error forcing I(1) = I, = 0.417,

which yields I(p) = (1

= )OSt g
Since I(p) < 1 for all p values, following Araghi and Balcioglu (2008), we will employ the
GE approximation accommodating the utilization dependent service times with the density

function LT

Wpos) = Do)+ (=) 4

with 1 = p{p(p)k + (1 — p(p))}, and

_ {20 + 1) Rk 1) +2) + VI2(I(p) + 1) — k(k + 1) + 2} — 4(I(p)2 — 1)(k — 1)?

ple) 20 + (k1)

Our numerical studies indicate that &k = [1/1(p)] (smallest integer greater than or equal to

1/1(p)) for all p values seems to minimize the estimation errors when the system receives
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non-Poisson renewal arrivals. In Table 4, we consider such a system with interarrival times
following a 10-stage Erlang distribution. The server utilizations and the simulated mean
waiting times of the GI/G~/1 queue with 5 renewal A and 5 renewal B streams superposed
as service times are listed in columns 1 and 2, respectively. Our approximation makes use
of a GI/GI/1 queue with the same 10-stage Erlangian interarrival times and the service
times with the LT given in Eq. (4). These estimates with their approximation errors in
parentheses are listed in column 3. The errors seem to fluctuate in sign and we do not see
a declining trend with increase in server utilization, however, we consider the errors to be

reasonably small.

Therefore, we outline the procedure of applying the renewal approximation for autocor-

related service times as follows:

Step 1. Following Jagerman et al. (2004) and Balcioglu et al. (2008) analyze the autocor-

related service times to estimate p, and I.

Step 2. Use the autocorrelated service times in the simulation of a single server queue
receiving Poisson arrivals by varying the server utilization to obtain the simulated

mean waiting time estimates.

Step 3. Using Eq. (1), solve for I(p) values. Fit a function for I(p). If I(p) > 1, use Eq.
(2), otherwise use Eq. (4) as the density function LT of the approximating the service

time.

Note that using a simulation approach in Step 2 can be justified as in Jagerman et al.
(2004) where the I, of the autocorrelated data is estimated via a different simulation study
as well. For certain problems, using analytical models one can obtain the mean waiting time
in a single server queue with autocorrelated service times when customers arrive according
to a Poisson process. Here, we provide the analysis of such a system when the service time
data come from (or can be well approximated by) a 2-state MMPP (see Appendix A for a
description of the MMPP). We refer the reader to Meier-Hellstern (1987) for an algorithm

on fitting a 2-state MMPP for observed autocorrelated data.
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Let the service times come from a 2-state MMPP with parameters

Q _ —01 o1 , M= [25% 0

09 —02 0 M2

Y

where M corresponds to the diagonal matrix A in Appendix A with service rates p; and ps
while the modulating process is in states 1 and 2, respectively. In a M/MMPP/1 queue
with Poisson arrival rate A and 2-state MMPP service times as characterized above, we can
use the model due to Yechiali and Naor (1971) by assuming a single Poisson arrival rate and
not permitting state transitions when the system is idle. Yet, we summarize the analysis for

the convenience of the reader. Accordingly, Eq.s 9a-9d of Yechiali and Naor become

APoy = P,
)\Po,z = M2P1,27
(A4 1 +01)Piy P11+ AP +09F;2, ©>0,

A+ p2+02)Pos = poPio+ AP 1o+ 01P, >0, (5)

where P, ; denotes the steady-state probability of having 7 customers in the system when
the modulating process is in state j = 1,2. Let G;(z) = Y22, 2'P,; be the probability
generating functions of the system size when state is j with G(z) = G1(z) + G2(2) denoting
the probability generating function of the system size. Multiplying both sides of Eq. (5) by

Z* and summing over all i yield

Gi(2)[ M1 —2) + o1+ (1 —1/2)] — 02Ga(2) = FPoi(pi(l—1/2) 4+ 01) — Po209,

GQ(Z)[/\(l — Z) + 09 + ,LLQ(]. — 1/2’)] — 0'1G1(Z> = P072(u2(1 — 1/2) + O'2> — P(]710'17

from which we can write

P071H1(Z) + P(LQHQ(Z)

Glz) = N223 — Hy(z) + Hy(z) — papio’ (6)
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where

Hi(z) = —Xuz®+ (A + pafis + p102 + [1201)z — i fia,
Ho(2) = —Auoz® + (g + papis + poa + p1201)z — iy pla,
H3(2) = )\()\+01+02+M1+/L2)Z2,

Hy(z) = (M + p2) + paoa + poo1 + papio)z.

Observing that G(1) =1 in Eq. (6), we have

0'1(,11,2 - )\) + 0'2<,U/1 - )\) _1_ )\(0'1 + 0'2)

Poy + Py = :
o 2 H102 + [l20] H102 + [1207

(7)

Note that the denominator \>2® — H3(2) + Hy(2) — p1pe of G(z) has only one root inside
the unit circle for any real number z, |z| < 1, hence, G(z) is analytical. If z, is the root of
N223 — Hy(2) + Hy(z) — pipa, it should be the root of the numerator Py Hi(z) + PyoHa(2),
i.e., Py1Hi(20) + Po2Ha(2) = 0. Having this in hand and using Eq. (7), we can find Py,
and Pyo. This way we obtain G(z) from which the expected number of customers in the

system is found

Then, using the Little’s law the mean delay in this M /MM PP/1 queue is

— L 1
S — 8
o (8)

where Ky = /\/(1 — P()’l — P()’Q) = (/JlO'Q + ,UQO'l)/(O'l + 0'2).
In Table 5, we consider the M /MM PP/1 queue where the service times are generated

from a 2-state MMPP with parameters

—-0.03 0.03
Q = , M = diag(0.2,4),
0.16 —0.16

The autocorrelated service times have px(1) = 0.33 and I, = 26.264. Here, the first

and second columns show the server utilization and the mean waiting times found from Eq.
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(8), respectively. Irrespective of the server utilization, if a single approximating renewal
service time is employed, which entails using the same p as listed in column 1 and g, and
I, of the original service times in Eq. (1), we obtain the estimates listed in column 3 with
approximation errors provided in parentheses. Similar to Table 1, we see that a single renewal
service time incurs big errors especially at lower utilization levels but decreases monotonically

with increase in server utilization and gets small above p = 0.7.

To construct the approximating service time as a function of p, we use the calculated
mean waiting times listed in column 2 and Eq. (1) and solve for I(p), which are given in
the fourth column. The trend indicates that lim, ; I(p) — I, = 26.264. One can repeat
the same observation on the diluting impact of idle periods on autocorrelated service times
when the server utilization decreases. Next, we fit a logarithmic function for I(p) minimizing
the least squares error forcing (1) = I,, = 26.264, which yields I(p) = I, + 10.60787 In(p).
For p > 0.093, I(p) > 1 and one can use Eq. (2) (otherwise Eq. 4) as the LT of the
utilization dependent approximating renewal service time. For instance, in Table 6, we
consider such a system with interarrival times following a 10-stage Erlang distribution. The
server utilizations and the simulated mean waiting times of GI/M M PP/1 queue are listed
in columns 1 and 2, respectively. Our approximation makes use of a GI/GI/1 queue with
the same 10-stage Erlangian interarrival times and the service times with the LT given in
Eq. (2). These estimates with their approximation errors in parentheses are listed in column

3. Except for very small p values, we consider the errors to be quite small.

3 Make-to-Stock Queues with Autocorrelated Service

Times

In this section, we analyze two make-to-stock queues in which service times become auto-
correlated. In Section 3.1, we study a production/inventory system that works with two

suppliers whereas in Section 3.2 a system with production stoppages is considered. In both
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problems, we assume that demands occur one at a time, following a renewal arrival process
with rate A and the inventory is controlled according to a base-stock policy with base-stock
level S. Whenever there is available stock in the inventory, demand requests are satisfied
right away. Unsatisfied demands are backordered. The system incurs a holding cost of h per
unit in inventory per unit time and a backordering cost of b per unit backordered per unit
time. In this framework, a single server queue with service rate p,, models the production
stage. Whenever the inventory level drops below the base-stock level S, the server becomes
busy, hence, the production starts. It stops and the server becomes idle only when the

inventory level reaches S again.

As a result of this structure, each demand request results in a production order, which is
mapped as a customer arrival in the underlying single server queueing system. Hence, N(t),
the number of customers present in the queueing system at time ¢, gives the shortfall from the
base-stock level S. This implies that when N(t) < S, the inventory will be carrying S — N(t)
units and when N (¢) > S, the system will be running with N(¢) — .S units backordered. We

assume that p = A\/p, < 1.

Our approximation for the original make-to-stock queues makes use of the GI/GI/1
queue studied by Sanajian and Balcioglu (2009) employing the approximating service times
with a LT denoted by I;(s, p) obtained following the procedure presented in Section 2. In
this GI/GI/1 queue if one obtains the steady-state probability of having n customers in the
system, namely p(n) = P(N = n), the problem of finding the optimal S can be consequently

expressed as follows:

S

min{C(S) = h Y2(5 = mp(n) +b 3" (n— S)p(n)}. (9

n=0 n=S+1

Note that the right hand side of Eq. (9) is nothing but the expected inventory cost per unit
time. Letting F'(n) = P(N < n) denote the cumulative distribution function of the number

in the system, the optimal base-stock level S* minimizing Eq. (9) is found as (see Veatch
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and Wein, 1996)

S* = min{n: F(n) >b/(h+0b)}. (10)

We refer the reader to Sanajian and Balcioglu (2009) on finding S* and C(S*) when

demand arises according to a non-Poisson renewal process and general i.i.d. service times.

3.1 Make-to-Stock Queues with Two Suppliers

Consider a production/inventory system processing raw material that is received from two
different suppliers, supplier F' and supplier G, to produce a single unit. We assume that there
is always abundant raw material in the receiving warehouse so that no production stoppages
arise due to lack of raw material. Note that the infinite raw material is an implicitly yet
commonly made assumption while studying make-to-stock queues. The production facility
makes use of one piece of raw material (let us say a single set or a single bundle of raw
material) for each product it produces. When a new product is going to be produced,
the production stage pulls the next raw material bundle in line, i.e., ignores the supplier
information. Yet, the quality of the suppliers might be different affecting the service times.
Hence, if the raw material bundle picked up has come from Supplier F the production times
will be denoted by a general i.i.d. r.v. Gy, which could be different from the general i.i.d.
production times G5 if the bundle has come from supplier G. We assume that if the last
bundle picked up was from Supplier F, the probability that the next bundle will be from
Supplier F (Supplier G) is denoted by p,, (ppo=1-p,). Similarly, if the last bundle picked
up was from Supplier G, the probability that the next bundle will be from Supplier G
(Supplier F) is denoted by p.. (Por=1-Puc)-

Analyzing such a system to obtain the system size distribution for Eq.s (9-10) is quite
difficult. Only in the special case when the customers arrive according to a Poisson process

and the service times are exponential, it reduces to the system analyzed by Zhou and Gans

(1999). Note that Zhou and Gans refer to such a system as the M /M M PP/1 queue, however,
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the MMPP service times in their study is different from the MMPP discussed in Appendix
A and Section 2 since in this case the state (i.e. the supplier who sent the raw material

bundle) can change only at service completion instants.

However, when service times are non-exponential, the analytical model due to Zhou and
Gans can incur big prediction errors. Consider Table 7 where p, ., = p,, = 0.15. Service
time r.v. is G, which is deterministic(=0.02), if the raw material has come from Supplier
F, and G5, which follows Erlang(5,40) distribution, otherwise. Since the customers arrive
according to a Poisson process, we denote this system by the M/Gy + G2/1 queue. The
autocorrelated service times in this system have px(1) = 0.44 and I, = 3.388 (estimated
following Jagerman et al., 2004). In Table 7, the first column shows the server utilization
p, whereas the second column lists the simulated mean waiting times with their 95% CI in
parenthesis. If exponential service times with rates 50 and 8 are used instead of G; and G,
respectively, one can use the model due to Zhou and Gans to compute the mean waiting
times presented in column 3. With exponential service times instead of G; and G5, service
times become autocorrelated with an estimated px(1) = 0.18. This model could serve as
an approximation to the original system, however, while the approximation errors tend to
decrease with the increase in server utilization, using mean preserving exponential service
times instead of (G; and G5 and applying the model due to Zhou and Gans incurs big error

even when p = 0.9.

Hence, we propose to use the procedure outlined in Section 2 to obtain the approximating
service time as a function of p. By using the simulated mean waiting times listed in column
2 and Eq. (1), we solve for I(p), which are given in the fourth column. The trend indicates
that lim, .,; I(p) — I, = 3.388. Finally, we fit a power function for /(p) minimizing the
least squares error forcing I(1) = I, = 3.388, which yields I(p) = (I, — 1)p*™"® + 1. Since
I(p) > 1 for all p values, we will use Eq. (2) as the LT of the approximating renewal service

times.

To test if our renewal approximation is accurate in capturing the behavior of a make-to-

stock queue, we consider the GI/G; + G5/1 make-to-stock system in Table 8 where interar-
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rival times between demand requests follow a 2-stage Erlang distribution. Here, columns 1
and 2 list the b/h ratio (with ~ = 1 in all make-to-stock examples) and the server utiliza-
tion, respectively. Since we do not have an analytic model for the GI/G; + G2/1 queue,
S* and C(S*) (with its 95% CI in parenthesis) are found via simulation and presented in
columns 3 and 4, respectively. Our approximation employs the GI/GI/1 queue studied
by Sanajian and Balcioglu (2009) where the customer interarrival times are the same as in
the original system and the approximating renewal service times that we have characterized
above. The approximated S* and C'(S*) (with its approximation error in parenthesis) are
listed in columns 5 and 6, respectively. As can be seen in Table 8, our approximation gives
sub-optimal base-stock level only when p = 0.9 while in other cases it correctly captures
it. Additionally, the predicted system costs turn out to be very close to their corresponding

optimal system costs.

In this numerical example, we would like to see how erroneous it would be to ignore
the autocorrelation in service times. To do this, we have collected the service time data
from simulation and assuming that they were i.i.d. r.v.s, we have fit a service time that has
the LT given in Eq. (4) with parameters p = 0.4286, p = 19.70499 and k& = 2. We have
tested the goodness-of-fit of this distribution using the Kolmogorov-Smirnov test at a@ = 0.1
and failed to reject it and concluded that it fits the data well if autocorrelation is ignored.
Using this service time in the GI/GI/1 queue with the same interarrival time distribution,
we find S* and C(S*) values listed in columns 7 and 8, respectively. We see that ignoring
positive autocorrelation results in base-stock levels and system costs to be underestimated
significantly. This is an example of why autocorrelation (if any) in service times should
be incorporated in the analysis while determining optimal base-stock level and cost in a

make-to-stock queue.
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3.2 Make-to-Stock Queues with Production Interruption

In this section, we study a production system subject to interruptions due to failures. Pro-
cessing times in the absence of failures would be general i.i.d. r.v.s. The production stage
encounters interruptions provided that there are production orders in the system. The pro-
duction is interfered throughout repair time that starts immediately after a failure. Repair
times are assumed to be general i.i.d. r.v.s that are independent of the failure process.
Once the repair is completed, production resumes operation from the point of interruption.
Such systems have been studied in the literature by carrying out a process completion time
analysis (Gaver, 1962 and Avi-Itzhak and Naor, 1963) assuming that times to failure are
exponentially distributed. The process completion time is defined as the total time a job
spends in production until its production is completed, hence, it includes repair times that
a job has to wait for. When times to failure are not exponentially distributed the process
completion time (PCT) sequence can become autocorrelated. Especially if more than one
interruption during the processing time of a job can be observed, the autocorrelation in PCT
can become significant. In the literature, general times to failure have been considered with
restrictive assumptions. When customers arrive according to a Poisson process, Federgruen
and Green (1986) propose approximations for the steady-state distribution of the jobs in the
system. Later, with Poisson job arrivals and repair times following Normal and Gamma dis-
tributions, Federgruen and Green (1986) provide the exact analysis if times to failure follow
phase-type distributions. Balcioglu et al. (2007) provide the exact analysis when customers
arrive according to a Poisson process considering general repair times with phase-type times
to failures. Then they propose an accurate approximation if customer arrive according to a

renewal process. Yet, in their analysis the processing times are restricted to be deterministic.

This discussion shows that although production stoppages are commonly observed, exact
solutions for the PCT analysis is quite difficult. However, with our utilization based renewal
service time approximation this problem can be handled easily. In Table 9, we consider a

system subject to interruptions. Processing times are Erlang(5,5) r.v.s while times to failure
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follow a Weibull distribution with parameters a = 1.667 and 5 = 0.5 (Weibull(«, 5)) with

the density function

£ = 2Lz 0

which makes the autocorrelated PCT’s have a px (1) = —0.14326 and I, = 0.2844 (estimated
following Jagerman et al., 2004). In Table 9, the first column shows the server utilization
p, whereas the second column lists the simulated mean waiting times with their 95% CI in
parenthesis. Next we employ the procedure outlined in Section 2 to obtain the approximating
service time as a function of p. By using the simulated mean waiting times listed in column
2 and Eq. (1), we solve for I(p), which are given in the third column. The trend indicates
that lim,.; I(p) — I, = 0.2844. Finally, we fit a power function for I(p) minimizing the
least squares error forcing I(1) = I, = 0.2844, which yields I(p) = (I, — 1)p®15425 4+ 1.

Since I(p) < 1 for all p values, we will use Eq. (4) as the LT of the approximating renewal

service times.

To test if our renewal approximation is accurate in capturing the behavior of a make-to-
stock queue, we consider the GI/G/1 make-to-stock system in Table 10 where interarrival
times between demand requests follow a 2-stage Erlang distribution. Here, columns 1 and
2 list the b/h ratio and the server utilization, respectively. Similar to Section 3.1, S* and
C'(S*) (with its 95% CI in parenthesis) are found via simulation and presented in columns 3
and 4, respectively. Our approximation yields S* and C'(S*) (with its approximation error
in parenthesis) as listed in columns 5 and 6, respectively. As can be seen in Table 10,
our approximation gives the optimal S* in all the cases and incurs little error in predicting

optimal system costs.

In this numerical example, we would like to see how erroneous it would be to ignore the
autocorrelation in service times. To do this, we have collected the service time data from
simulation and assuming that they were i.i.d. r.v.s, we have fit a service time that has the L'T

given in Eq. (4) with parameters p = 0.82734, u = 1.76978 and k = 3. We have tested the
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goodness-of-fit of this distribution using the Kolmogorov-Smirnov test at o = 0.1 and failed
to reject it and concluded that it fits the data well if autocorrelation is ignored. Using this
service time in the GI/GI/1 queue with the same interarrival time distribution, we obtain
S* and C(S*) values listed in columns 7 and 8, respectively. We see that ignoring negative
autocorrelation results in base-stock levels and system costs to be overestimated significantly
especially when server utilization is high and b/h = 80. This is an example showing that
optimal base-stock levels and system costs could be less than one would predict if negative

autocorrelation in PCT were ignored.

4 Conclusion

In this paper, we have proposed adapting two renewal approximations from the literature
to incorporate autocorrelated service times in analytical models. The empirical observations
are that instead of a single approximating renewal service time, a family of service times as a
function of server utilization should be fit. Although we assume that the autocorrelated ser-
vice times are independent of the customer arrival process, the idle periods inserted between
sampled service times, which is a byproduct of the traffic intensity, decreases the impact of
autocorrelation at lower server utilization levels. We have tested our approximation both
in predicting the mean delay and the system size distribution of the original systems with

autocorrelated service times, which proved to be quite accurate.

We note that this is the first attempt to approach this general problem in a systematic
way. Our promising results assure us that further research is necessary in many directions.
For instance, unlike the restrictive forms for the service time function we consider, more
flexible forms can increase the accuracy more. One of the more important questions worth
pursuing is whether the step of the proposed procedure, which requires a simulation analysis,
can be bypassed for any autocorrelated service time data, similar to what we have done with
the MMPP service times. Additionally, the utilization dependent renewal approximation idea

can be studied for approximating autocorrelated arrival processes, which helps approximating
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the system size distribution accurately, a goal that has been avoided in earlier research.
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Appendix A Autocorrelated Processes

We have employed the Transform-Expand-Sample (TES™) process and Markov-modulated
Poisson processes (MMPP) in generating autocorrelated service times in Section 2. In this

section, we will summarize these processes.

The TES™ considered in this table has marginal exponential distribution characterized
by a parameter triplet (L, R, i1, ) (Jagerman and Melamed, 1992a, 1992b). While x, is the
rate of the exponentially distributed service times, [L, R) subject to —0.5 < L < R < 0.5,
is named as the support interval. The decrease in the length of the support interval induces
more positive autocorrelation in the interruption process (Melamed, 93). In particular, the
lag-1 autocorrelation, p, (1), of the service times ranges from 0 (for L = —0.5 and R = 0.5)

to 1 (for L = R =0) (Melamed, 1991).

The MMPP have been widely used in modeling arrival processes with arrival rates varying
randomly over time and autocorrelations between the interarrival times (we refer the reader

to Fischer and Meier-Hellstern (1992) for a thorough investigation of the MMPP).

An m-state MMPP is a doubly stochastic Poisson process whose arrival rate at a certain
time ¢ depends on the state of an m-state modulating Markov process. It is defined by an
m x m infinitesimal generator () of the underlying process and an m x m diagonal matrix
A with diagonal elements \;, i = 1, ..., m. When the modulating Markov chain is in state 1,
arrivals will follow a Poisson process with rate \;. The length of time that the Markov process
spends in state ¢ before making a transition out of that state is exponentially distributed

with rate —(@Q;;. The probability that the Markov process enters state j after leaving state ¢
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iS given by —Q”/Q“

The steady-state probability vector IT of the Markov chain is found by solving

I[Q =0, Ile=1,

where e = (1, ...., 1)T is the column vector of length m. The mean arrival rate is Ax = ITAe.
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Table 1: Finding I(p) for the M/TES*/1 queue with TES* service times with L =

p Simulation W M/M/1 W PK W I(p)
0.2 0.3525(+/-0)  0.3125(-11%) 0.7140(103%) 1.256
0.3 0.6547(+/-0)  0.5357(-18%) 1.2241(87%) 1.4442
04  L1178(+/-0)  0.8333(-25%) 1.9041(70%) 1.6827
0.5  1.857(+/-0.01)  1.25(-33%)  2.8561(54%) 1.9712
0.6 3.0888(+/-0.01)  1.875(-39%)  4.2842(39%) 2.2047
0.7  5.3054(+/-0.03) 2.9167(-45%) 6.6643(26%)  2.6379
0.8 9.942(+/-0.07) 5(-50%)  11.4245(15%) 2.9768
0.9 24.2024(+/-0.26) 11.25(-54%)  25.7051(6%) 3.3026

R =10.2, p, = 0.8 and the limiting index of dispersion I, = 3.5698

Simulation W

P GI/M/1W  Approximation W

0.2  0.0249(+/-0)  0.0234(-6%) 0.037(49%)
0.3 0.1074(+/-0)  0.0892(-17%) 0.162(51%)
04  0.3007(+/-0)  0.2088(-31%) 0.429(43%)
05  0.7168(+/-0)  0.4053(-43%) 0.922(29%)
0.6  1.569(+/-0.01)  0.7231(-54%) 1.803(15%)
0.7 3.2669(+/-0.02) 1.2702(-61%) 3.45(6%)

0.8  6.9598(+/-0.06) 2.3953(-66%) 7.008(1%)
0.9 18.438(+/-0.22) 5.7556(-69%) 18.21(-1%)

—0.2,

Table 2: Comparison of equilibrium mean waiting times in the GI/TES™ /1 queue with

TEST service times with L = —0.2, R = 0.2, u, = 0.8 and 10-stage Erlang interarrival

times
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P Simulation W PK W I(p)
0.2 0.2245(+/-0)  0.1771(-21%) 0.796
0.3 0.3783(+/-0)  0.3036(-20%) 0.7654
04  0.5768(+/-0)  0.4723(-18%) 0.7304
0.5  0.8454(+/-0)  0.7085(-16%) 0.6908
0.6 1.2343(+/-0)  1.0628(-14%) 0.6457
0.7  1.8611(+/-0)  1.6532(-11%) 0.595
0.8 3.0791(+/-0.01)  2.8340(-8%)  0.5395
0.9 6.6497(+/-0.04) 6.3765(-4%)  0.4777

Table 3: Finding I(p) for the M/G~/1 queue with 5 renewal A and 5 renewal B streams

superposed as service times with rate p, = 1 and the limiting index of dispersion I, = 0.417

P Simulation W Approximation W
0.2 0.0103(+/-0) 0.012(17%)

0.3 0.0462(+/-0 0.044(-5%)

0.4  0.1146(+/-0 0.102(-11%)
0.5  0.2232(+/-0 0.191(-14%)
0.6  0.3892(+/-0 0.328(-16%)
0.7 0.6551(+/-0 0.556(-15%)
0.8  1.1496(+/-0 1.003(-13%)
0.9 2.5164(+/-0.01) 2.314(8%)

Table 4: Comparison of equilibrium mean waiting times in the GI/G~/1 queue with 5

renewal A and 5 renewal B streams superposed as service times with service rate u = 1 and

10-stage Erlang interarrival times



p w PK W I(p)

0.2 1.614 4.26(164%)  9.3296

0.3 3.714  7.3029(97%) 12.8656

0.4  7.222 11.36(57%)  16.3328

0.5 12.596 17.04(35) 19.1536

0.6 20932  25.56(22%) 21.3275
0.7 35.012  39.76(14%)  23.0082
0.8  63.329 68.16(8%)  24.3316
0.9 148.466 153.36(3%)  25.3939

Table 5: Finding I(p) for the M/MMPP/1 queue with 2-state MMPP service times with

service rate p,, = 0.8 and marginal Index of dispersion I, = 26.264

P Simulation W Approximation W

0.2 0.7938(+/-0) 0.993(25%)
0.3 2.6086(+/-0.02) 3.128(20%)
0.4  6.0091(+/-0.05) 6.403(7%)
0.5 11.2933(+/-0.11) 11.341(0%)
0.6 19.509(+/-0.22) 19.09(-2%)
0.7 33.4402(+/-0.47) 32.38(-3%)

0.8  61.5222(4/-1.21) 59.441(-3%)
0.9 145.32(+/-5.75) 141.457(-3%)

Table 6: Comparison of equilibrium mean waiting times in the GI/MM PP/1 queue with
2-state MMPP service times with service rate 1, = 0.8 and and 10-stage Erlang interarrival

times
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P Simulation W Zhou-Gans Approximation W I(p)
0.2 0.0186 (+/-0.00) 0.0309 (66.28%) 1.048
0.3 0.0344 (+/-0.00) 0.0564 (63.89%) 1.215
0.4 0.0587 (+/-0.00) 0.0983 (67.52%) 1.428
0.5 0.0976 (+/-0.00) 0.1507 (54.41%) 1.692
0.6 0.1631 (+/-0.00) 0.2415 (48.07%) 1.999
0.7 0.2816 (+/-0.00) 0.3993 (41.80%) 2.329
0.8  0.5297 (+/-0.00) 0.7235 (36.59%) 2.653
0.9 1.2761 (+/-0.02) 1.7167 (34.53%) 2.911

Table 7: Finding I(p) for the M/G14G2/1 queue with service rate pi, = 13.793 and marginal

Index of dispersion I, = 3.388

Simulation Approximation Ignoring Autocorrelation
b/h p S* C(5*) S* C(5™) S* C(5*)
0.7 8 8.3533 (+/-0.040) 8  8.3518 (-0.02%) 4 4.3677 (-47.711%)
10 0.8 15 15.777 (4+/-0.130) 15 15.5077 (-1.71%) 7 6.9962 (-55.66%)
09 36 37.791 (+/-0.818) 37 38.1682 (1.00%) 15 14.9117 (-60.54%)
0.7 15 15.333 (+/-0.109) 15 15.3556 (0.15%) 8 7.9547 (-48.12%)
80 0.8 28 29.006 (4/-0.479) 28  28.4864 (-1.85%) 13 12.8135 (-55.82%)
0.9 68 69.164 (+/-2.751) 69  69.9845 (1.19%) 27 27.3153 (-60.51%)

Table 8: Comparison of S* and C'(S*) in a GI /G + G2/1 make-to-stock system with service

rate p, = 13.793 and 2-stage Erlang interarrival times
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p Simulation W I(p)

0.2 0.2670 (+/-0.00) 0.4239
0.3 0.4518 (+/-0.00) 0.4056
0.4 0.6929 (+/-0.00) 0.3858
0.5 1.0260 (+/-0.00) 0.3679
0.6 1.5187 (+/-0.00) 0.3499
0.7 2.3296 (+/-0.01) 0.3312
0.8 3.9438 (+/-0.01) 0.3146
0.9 8.7648 (+/-0.09) 0.2985

Table 9: Finding I(p) for the M/G/1 queue with Erlang(5,5) processing times,
Weibul(1.667,0.5) times to failure and Uniform(17/12,23/12) repair times in which PCT’s

have a rate p1, = 0.6667 and the limiting index of dispersion 7, = 0.2844

Simulation Approximation Ignoring Autocorrelation

b/h  p S C(5%) 5 C(5%) 5 C(S%)

0.7 3  2.8571 (+/-0.008) 3 2.8720 (0.52%) 3 3.3680 (17.88%)
10 08 5  4.4094 (+/-0.014) 5 44615 (1.18%) 5 5.2405 (18.85%)

0.9 9 89996 (+/-0.121) 9  9.1181 (1.32%) 11 10.8736 (20.82%)

0.7 5 5.1156 (+/-0.028) 5  5.2131 (1.91%) 6 5.9072 (15.47%)
80 0.8 8 7.9337 (+/-0.074) 8  8.0521 (1.49%) 10 9.4524 (19.14%)

0.9 17 16.474 (+/-0.434) 17 16.6534 (1.09%) 20 19.9006 (20.80%)

Table 10: in a GI/G/1 make-to-stock system with service rate u, = 0.6667 and 2-stage

Erlang interarrival times
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